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B1. Cylindrical Polar Coordinates
The coordinates are (R, θ, x), where θ is the azimuthal angle (see Figure 3.1b, where
ϕ is used instead of θ ). The equations are presented assuming ψ is a scalar, and

u = iRuR + iθuθ + ixux,

where iR , iθ , and ix are the local unit vectors at a point.

Gradient of a scalar

∇ψ = iR
∂ψ

∂R
+ iθ

R

∂ψ

∂θ
+ ix

∂ψ

∂x
.

Laplacian of a scalar

∇2ψ = 1
R

∂

∂R

(
R
∂ψ

∂R

)
+ 1

R2

∂2ψ

∂θ2 + ∂2ψ

∂x2 .

Divergence of a vector

∇ · u = 1
R

∂(RuR)

∂R
+ 1

R

∂uθ

∂θ
+ ∂ux

∂x
.

Curl of a vector

∇ × u = iR

(
1
R

∂ux

∂θ
− ∂uθ

∂x

)
+ iθ

(
∂uR

∂x
− ∂ux

∂R

)
+ ix

[
1
R

∂(Ruθ )

∂R
− 1

R

∂uR

∂θ

]
.

Laplacian of a vector

∇2u = iR

(
∇2uR − uR

R2 − 2
R2

∂uθ

∂θ

)
+ iθ

(
∇2uθ + 2

R2

∂uR

∂θ
− uθ

R2

)
+ ix∇2ux.
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Strain rate and viscous stress (for incompressible form σij = 2µeij )

eRR = ∂uR

∂R
= 1

2µ
σRR,

eθθ = 1
R

∂uθ

∂θ
+ uR

R
= 1

2µ
σθθ ,

exx = ∂ux

∂x
= 1

2µ
σxx,

eRθ = R

2
∂

∂R

(uθ

R

)
+ 1

2R

∂uR

∂θ
= 1

2µ
σRθ ,

eθx = 1
2R

∂ux

∂θ
+ 1

2
∂uθ

∂x
= 1

2µ
σθx,

exR = 1
2
∂uR

∂x
+ 1

2
∂ux

∂R
= 1

2µ
σxR.

Vorticity (ω = ∇ × u)

ωR = 1
R

∂ux

∂θ
− ∂uθ

∂x
,

ωθ = ∂uR

∂x
− ∂ux

∂R
,

ωx = 1
R

∂

∂R
(Ruθ ) − 1

R

∂uR

∂θ
.

Equation of continuity

∂ρ

∂t
+ 1

R

∂

∂R
(ρRuR) + 1

R

∂

∂θ
(ρuθ ) + ∂

∂x
(ρux) = 0.

Navier–Stokes equations with constant ρ and (, and no body force

∂uR

∂t
+ (u · ∇)uR − u2

θ

R
= − 1

ρ

∂p

∂R
+ (

(
∇2uR − uR

R2 − 2
R2

∂uθ

∂θ

)
,

∂uθ

∂t
+ (u · ∇)uθ + uRuθ

R
= − 1

ρR

∂p

∂θ
+ (

(
∇2uθ + 2

R2

∂uR

∂θ
− uθ

R2

)
,

∂ux

∂t
+ (u · ∇)ux = − 1

ρ

∂p

∂x
+ (∇2ux,

where

u · ∇ = uR
∂

∂R
+ uθ

R

∂

∂θ
+ ux

∂

∂x
,

∇2 = 1
R

∂

∂R

(
R
∂

∂R

)
+ 1

R2

∂2

∂θ2 + ∂2

∂x2 .
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B2. Plane Polar Coordinates
The plane polar coordinates are (r, θ), where r is the distance from the origin
(Figure 3.1a). The equations for plane polar coordinates can be obtained from
those of the cylindrical coordinates presented in Section B1, replacing R by r and
suppressing all components and derivatives in the axial direction x. Some of the
expressions are repeated here because of their frequent occurrence.

Strain rate and viscous stress (for incompressible form σij = 2µeij )

err = ∂ur

∂r
= 1

2µ
σrr ,

eθθ = 1
r

∂uθ

∂θ
+ ur

r
= 1

2µ
σθθ ,

erθ = r

2
∂

∂r

(uθ

r

)
+ 1

2r

∂ur

∂θ
= 1

2µ
σrθ .

Vorticity

ωz = 1
r

∂

∂r
(ruθ ) − 1

r

∂ur

∂θ
.

Equation of continuity

∂ρ

∂t
+ 1

r

∂

∂r
(ρrur) + 1

r

∂

∂θ
(ρuθ ) = 0.

Navier–Stokes equations with constant ρ and (, and no body force

∂ur

∂t
+ ur

∂ur

∂r
+ uθ

r

∂ur

∂θ
− u2

θ

r
= − 1

ρ

∂p

∂r
+ (

(
∇2ur − ur

r2 − 2
r2

∂uθ

∂θ

)
,

∂uθ

∂t
+ ur

∂uθ

∂r
+ uθ

r

∂uθ

∂θ
+ uruθ

r
= − 1

ρr

∂p

∂θ
+ (

(
∇2uθ + 2

r2

∂ur

∂θ
− uθ

r2

)
,

where

∇2 = 1
r

∂

∂r

(
r
∂

∂r

)
+ 1

r2

∂2

∂θ2 .

B3. Spherical Polar Coordinates
The spherical polar coordinates used are (r, θ,ϕ), where ϕ is the azimuthal angle
(Figure 3.1c). Equations are presented assuming ψ is a scalar, and

u = irur + iθuθ + iϕuϕ,

where ir , iθ , and iϕ are the local unit vectors at a point.
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Gradient of a scalar

∇ψ = ir
∂ψ

∂r
+ iθ

1
r

∂ψ

∂θ
+ iϕ

1
r sin θ

∂ψ

∂ϕ
.

Laplacian of a scalar

∇2ψ = 1
r2

∂

∂r

(
r2 ∂ψ

∂r

)
+ 1

r2 sin θ
∂

∂θ

(
sin θ

∂ψ

∂θ

)
+ 1

r2 sin2 θ

∂2ψ

∂ϕ2 .

Divergence of a vector

∇ · u = 1
r2

∂(r2ur)

∂r
+ 1

r sin θ
∂(uθ sin θ)

∂θ
+ 1

r sin θ
∂uθ

∂ϕ
.

Curl of a vector

∇ × u = ir
r sin θ

[
∂(uϕ sin θ)

∂θ
− ∂uθ

∂ϕ

]
+ iθ

r

[
1

sin θ
∂ur

∂ϕ
− ∂(ruϕ)

∂r

]

+ iϕ
r

[
∂(ruθ )

∂r
− ∂ur

∂θ

]
.

Laplacian of a vector

∇2u = ir

[
∇2ur − 2ur

r2 − 2
r2 sin θ

∂(uθ sin θ)
∂θ

− 2
r2 sin θ

∂uϕ

∂ϕ

]

+ iθ

[
∇2uθ + 2

r2

∂ur

∂θ
− uθ

r2 sin2 θ
− 2 cos θ

r2 sin2 θ

∂uϕ

∂ϕ

]

+ iϕ

[
∇2uϕ + 2

r2 sin θ
∂ur

∂ϕ
+ 2 cos θ

r2 sin2 θ

∂uθ

∂ϕ
− uϕ

r2 sin2 θ

]
.

Strain rate and viscous stress (for incompressible form σij = 2µeij )

err = ∂ur

∂r
= 1

2µ
σrr ,

eθθ = 1
r

∂uθ

∂θ
+ ur

r
= 1

2µ
σθθ ,

eϕϕ = 1
r sin θ

∂uϕ

∂ϕ
+ ur

r
+ uθ cot θ

r
= 1

2µ
σϕϕ,

eθϕ = sin θ
2r

∂

∂θ

( uϕ

sin θ

)
+ 1

2r sin θ
∂uθ

∂ϕ
= 1

2µ
σθϕ,

eϕr = 1
2r sin θ

∂ur

∂ϕ
+ r

2
∂

∂r

(uϕ

r

)
= 1

2µ
σϕr ,

erθ = r

2
∂

∂r

(uθ

r

)
+ 1

2r

∂ur

∂θ
= 1

2µ
σrθ .
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Vorticity

ωr = 1
r sin θ

[
∂

∂θ
(uϕ sin θ) − ∂uθ

∂ϕ

]
,

ωθ = 1
r

[
1

sin θ
∂ur

∂ϕ
− ∂(ruϕ)

∂r

]
,

ωϕ = 1
r

[
∂

∂r
(ruθ ) − ∂ur

∂θ

]
.

Equation of continuity

∂ρ

∂t
+ 1

r2

∂

∂r
(ρr2ur) + 1

r sin θ
∂

∂θ
(ρuθ sin θ) + 1

r sin θ
∂

∂ϕ
(ρuϕ) = 0.

Navier–Stokes equations with constant ρ and (, and no body force

∂ur

∂t
+ (u · ∇)ur −

u2
θ + u2

ϕ

r

= − 1
ρ

∂p

∂r
+ (

[
∇2ur − 2ur

r2 − 2
r2 sin θ

∂(uθ sin θ)
∂θ

− 2
r2 sin θ

∂uϕ

∂ϕ

]
,

∂uθ

∂t
+ (u · ∇)uθ + uruθ

r
−

u2
ϕ cot θ

r

= − 1
ρr

∂p

∂θ
+ (

[
∇2uθ + 2

r2

∂ur

∂θ
− uθ

r2 sin2 θ
− 2 cos θ

r2 sin2 θ

∂uϕ

∂ϕ

]
,

∂uϕ

∂t
+ (u · ∇)uϕ + uϕur

r
+ uθuϕ cot θ

r

= − 1
ρr sin θ

∂p

∂ϕ
+ (

[
∇2uϕ + 2

r2 sin θ
∂ur

∂ϕ
+ 2 cos θ

r2 sin2 θ

∂uθ

∂ϕ
− uϕ

r2 sin2 θ

]
,

where

u · ∇ = ur
∂

∂r
+ uθ

r

∂

∂θ
+ uϕ

r sin θ
∂

∂ϕ
,

∇2 = 1
r2

∂

∂r

(
r2 ∂

∂r

)
+ 1

r2 sin θ
∂

∂θ

(
sin θ

∂

∂θ

)
+ 1

r2 sin2 θ

∂2

∂ϕ2 .


