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Abstract

The present notes are based on three lectures prepared for an introductory eight-class
course on the modern framework of the single and double copy. The course will be held
from April 16 to May 5, 2026, at the Universidad de Buenos Aires (UBA). These lectures,
aimed at PhD and master’s students, are self-contained and require only a basic knowledge
of classical field theory. The main goal is to review the fundamental concepts of gauge and
gravitational theories in order to explore the off-shell frameworks of the single and double
copy. In the final part of the course, we explore modern approaches to reinterpreting the

single and double copy within T-duality-invariant frameworks.
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0 Introduction

The two modern pilars of theoretical physics are gravitational theories, organized by dif-
feomorphism invariance, and gauge theories, organized by gauge symmetries. Through
these lectures we are going to review the basic ingredients to describe these theories:
symmetries, tensors, invariants, actions and equations of motion. When we talk about
gravitational theories, we typically refer to the Einstein-Hilbert action, but through the
course the Weyl action (a higher-derivative model based on the square of certain curva-
tures) will also take a significative role. When we talk about gauge theories, there is also
some ambiguity here: almost always we will refer to Yang-Mills, which can be formu-
lated in its Abelian (Maxwell) or in its non-Abelian frameworks, but from time to time
other higher-derivative formulation will emerge. As you can notice, the higher-derivative
physics is very important, since these contributions can correct theories and modify their
leading order behavior.

Through these lectures, we will study two modern approaches which relate gravita-
tional and gauge theories: the single and double copy. These frameworks were originally
constructed at the level of the amplitudes but, in this course, we will particularly focus
on their off-shell formulations (Lagrangian level). This choice will allow us to explore
general equivalences without the need of imposing the equations of motion (this is our
definition of off-shell though the course). The idea of the single copy is to turn a grav-
itational theory, like the Einstein-Hilbert theory, into a gauge theory, by identifying the
perturbations of the metric tensor with gauge fields. These technique is performed at the
level of the equations of motion, allowing one to recast gravitational dynamics in terms
of gauge dynamics. We will explore the case of Maxwell theory, obtained from a par-
ticular ansatz for the Einstein-Hilbert metric (Kerr-Schild ansatz and its generalization
given in JHEP 1810 (2018) 027). The single copy is extremely powerful since we can turn
gravitational solutions into electromagnetic solutions and analyze their beheviours. More
fundamentally, the idea of this program is to reverse this engineering and learn about
quantum gravity, from the quantum gauge theory.

For this reason, the idea of the double copy is exactly the opposite to the single copy:



to start from a gauge theory, let’s say Yang-Mills, and to construct a gravitational theory
by considering certain identifications. These identifications are done at the level of the
action, so one can turn one a gauge action into a gravitational action, perturbatively (in
these lectures we will work up to cubic order in fields). Particularly focus will be put
on the recent approach developed by O.Hohm, F.Jaramillo-Diaz and J.Plefka (HJP) from
Humboldt University (Phys. Rev. D 105, no.4, 045012, 2022). The double copy procedure
of these authors will allow us to construct the Einstein-Hilbert action plus extra matter
terms, related to the Kalb-Ramond field and the dilaton. Therefore, by the end of these
lectures we will be reviewing a little bit of basic supergravity and Double Field Theory

to study its relation with the off-shell double copy construction.

0.1 Outline of the course

e Lecture 1: The first lecture is a self-contained review of gravitational and gauge
theories: part A discusses the main blocks to construct a principle of action using
curvatures (like Einstein-Hilbert or Weyl gravity). In this first approach we keeep
the fields exact, without perturbing them. In part B we explore perturbation theory.
We address general perturbations and the most commong gauge fixing: harmonic
gauge and TT-gauge. Here we briefly review the inclusion of matter in the formal-
ism. In section C we introduce classical gauge theories following the structure of the
Part A: symmetries, actions and equations of motion. In this part re review three
different theories: Maxwell (Abelian theory), Yang-Mills (non-Abelian theory) and
the so-called DFDF theory.

e Lecture 2: The second lecture is entirely dedicated to the off-shell formulation
of the single and double copy. In part A we explore the Kerr-Schild ansatz in GR,
and we use it together with a particular identification of the null vectors in order
to construct the Maxwell equations. In part B we explore perturbative Yang-Mills
in momentum space, and we identify all the degrees of freedom with gravitational
ones, to be able to construct a gravitational action from the Yang-Mills action (off-

shell double copy). We will discuss the role of the extra momentum, and the double



geometry behind this mechanism. In part C we follow the same strategy as in part
B, but our starting point is a higher-derivative gauge theory, whose double copy is

related to Weyl gravity.

e Lecture 3: Finally, in the third lecture we discuss T-duality and its relation to
the single and double copy. We introduce supergravity and its T-duality invari-
ant rewriting, in the context of double field theory, and we show how a particular

treatment of the single and double copy is possible.

0.2 Implementation of CADABRA

In the appendix of these lectures you will find a friendly guide to start making
computations in CADABRA. Appendix A introduces the basic tensors of GR, Ap-
pendix B will help you with the perturbations and finally Appendix C contains a

basic introduction to the Kerr-Schild formalism.

After each lecture exercises and extra bibliography are included to maximize your

learning.



1 Lecture 1: Introduction to Gravitational and Gauge

Theories

1.1 Part A: introduction to gravity
1.1.1 Differentiable Manifolds

For this course, we will think of a manifold as a curved n-dimensional space. If we zoom
in to any patch, the manifold looks like R™. Globally, the manifold may have interesting
curvature (or topology) so we will later define objects to represent this curvature. An
important point is that a manifold does not need a notion of metric, used to measure
distance, but we will consider differentiable manifolds equipped with a metric.

More precisely, a (topological) manifold M is a space which is locally homeomorphic
to R™. This means that for every point p € M, there exists a neighbourhood U C M and
a one-to-one map

¢:U—R"

whose image is an open subset of R™. The pair (U, ¢) is called a coordinate chart, and the
collection of such charts that covers M is called an atlas. The coordinates z* = ¢*(p) are
simply labels assigned to points in the patch U.

A differentiable manifold is one for which the transition functions between overlapping

charts,

o't = 2 (x),

are smooth (C*). This is the minimal structure required to do calculus. The manifold
itself is not a subset of R"; it is an abstract space that merely looks like R" locally.
A central concept for us will be that of a diffeomorphism. A diffeomorphism is a

smooth, invertible map

p: M — M,

with smooth inverse. There are two equivalent ways to interpret such a transformation.

o Passive viewpoint: we keep the point p € M fixed and change the coordinate system



used to describe it,
ot — ().
This is simply a change of coordinates. Tensor components transform according to

the usual Jacobian rules.
o Active viewpoint: we keep the coordinate system fixed and move the points,

p — o(p).

Fields are then pulled back (or pushed forward) accordingly. Infinitesimally, this

induces variations of fields generated by a vector field £#(z).

In these notes we will mostly adopt the active viewpoint when discussing symmetries.

An infinitesimal diffeomorphism is generated by a vector field £#(x) and acts as
ot — ot 4 (x).

The induced variation of any field will be given by its Lie derivative along &*. This

provides a unified and operational definition of tensorial transformation laws.

For us, the key idea is that coordinates are auxiliary. They are convenient labels, but
they carry no intrinsic meaning. Any physical statement must be invariant under smooth
coordinate changes, or equivalently under active diffeomorphisms. In gravitational physics

this invariance is elevated to a fundamental gauge symmetry.

Before introducing tensors systematically through the Lie derivative, we recall the no-
tion of tangent space. At each point p € M, we define the tangent space T, M. Intuitively,
this is the space of possible directions in which one can pass through p. More formally, a
tangent vector at p can be defined as a directional derivative acting on smooth functions
f: M — R. The tangent space will be useful to describe gravitational theories using the
vielbein formulation. We will describe this framework later.

With this structure in place, we are ready to define tensors operationally through their
infinitesimal transformation under diffeomorphisms, namely through the Lie derivative.
This will naturally lead us to the question of how derivatives of tensors transform, and
to the introduction of the covariant derivative and affine connection as the appropriate

tools to preserve tensorial character.



1.1.2 Infinitesimal Diffeomorphisms and Closure

We define the Lie derivative as follows,

oe°

oT,” 8§pTV oY %34
0x°

— BT w

Leli” =8 5un 1o ™ gur

T,” (1.1)

where T},” is a (1-1) tensor. For us, this means that indeces down transform in a covari-
ant way while indices up transform in a contravariant way. This is our definition for a

contravariant transformation (or our definition for a 1-form field, w,),

Lew, = £ 0,wy + 0,6 w, + w0,§7w,, (1.2)
and, similarly, our definition for a vector/contravariant field is

Levt = £70,0" — 0,607 + wd,£7v" | (1.3)

Of course, general (p, q) tensors can be defined just by including more rotations with
respect to each index. Notice that the first term and the last term are always the same,
independently of the rank of the tensor. The first term is called ”the transport” term,
while the last one assigns a weigh w to each tensor.

The Lie derivative satisfies closure
[5517 552]Tu” = 0¢, 10" (1.4)
through the Lie bracket, defined as follows
€5 (x) = 650,87 — (1 > 2). (1.5)

The closure of a symmetry is a fundamental property that reflects a group structure behind
the symmetry (in this case GL(D) is the group related to diffeos, also called Dif f(M),

The demonstration for the generic weight scalar w is as follows,

01,00 = g (£20,0 + w0p&s) — (1 ¢ 2)
= 0,(£70,9 + wd,¢T) — (1 4 2) (1.6)



When we compute closures, neither the parameters nor the constants are transformed.

Now we apply Leibniz’s rule and we get

[0c1,0e,]0 = §50,67 00 + £567 0,050 + wE0,0567 — (1 > 2) (1.7)

The second term of the RHS cancels out because it is antisymmetric in 1 and 2, and

symmetric in p and o, and the last term can be rewritten as follows:

Dere]¢ = €00,87050 + w05 (50,E7) — (1 ¢ 2) (1.8)

which is what we wanted to find (Lie bracket).

Using the notation

1 1

Vv(,uu) = §VMV+§VVM (19)
1 1

‘/[,uu] = §V;w_§vu,u (110)

the Lie bracket can be written as £ = 25[’)26?p§‘1’}.

We already know how tensors transform. However, a valid question is what happens
to their derivatives. Does the derivative of a scalar field transform into a (0.1) covariant
tensor? Does the derivative of a vector transform into a (1,1) rank tensor? In other words,
we are asking whether the derivative preserves the tensorial character of the fields.

In the case of the derivative of a scalar field, it does preserve the tensor character.
Let’s see: consider ¢ a scalar field of zero weight, and apply the transformation to the

derivative of this field,

0¢(0,0) = 0,(0¢) = 0,(£70v0) = 0,60, + £70,0,¢. (1.11)

The second term in the last equality is a transport term, while the first rotates the index,
as happens in the covariant transformation. Therefore, it is true that the derivative of a
scalar field transforms covariantly.

Let’s now see what happens for a vector. We anticipate that for vectors or 1-forms,
the tensor character is lost under differentiation. We will show this for the weightless

vector v¥.
(55(81,1)“) = 8V(§p8pv” — 8p§“vp) = 81,5”8,,1)“ + fp(?,,apv“ — 8,,@)5“11” — 8p£“8l,vp. (1.12)

10



We see, then, that the structure is not covariant, since there is an extra term that has a
double derivative acting on the parameter (the third term). Therefore, the derivative of a
vector does not transform covariantly. The same applies to a 1-form or tensors of higher
rank.
How do we solve this (major) problem? We create a new derivative, the covariant
derivative, which will preserve the tensor nature of the tensor we are going to differentiate.
The covariant derivative is defined as follows: given the vector v*, we define the

following derivative:
Vot = 9,0t + T v (1.13)

where [} is a new field. The first thing we need to notice is that I'} ) is, for the moment, an
arbitrary quantity that does not transform like a tensor. How do we know this? Because
if we analyze the right-hand side of (1.13), the first term transforms non-covariantly, while
the left-hand side transforms covariantly. Therefore, the field I')) must transform non-
covariantly to compensate for this. Thus, the transformation of I}, contains a covariant
part (as if it were a tensor with respect to its three indices) and a non-covariant part that

we can compute explicitly. Let’s define the failure of the operator
A¢ =0 — Le (1.14)
which measures only the non-covariant part of each object. Let’s apply it to (1.13),
Ae(V, ") = Ae(0,0") + Ae(T 0°) . (1.15)

The left-hand side is zero, since we decree that the covariant derivative of a tensor trans-
forms as a tensor. The right-hand side has two contributions, one given by the derivative

of the vector and the other given by the transformation of the connection.
0 = Ae(00") + (Al )v” (1.16)
We already calculated the failure of the usual derivative, and it gave us

0 = —(D,0,E" )0 + (AeTH )P (1.17)

11



Therefore, we can rule out the connection failure,
Ay, = 0,0,8" . (1.18)
In other words, the complete transformation of the connection is given by
Ay, = Lel'y , + 0,0,8", (1.19)

and due to the non-covariant term, the connection ensures the covariant transformation
of the covariant derivative. For now, the connection is a generic field that transforms
according to the previous equation. The covariant derivative of a 1-form is defined as

follows,

Vo, =o,w, —T? w, . (1.20)

vp

1.1.3 Construction of Curvatures

As we mentioned, a manifold by itself has no notion of distance. To introduce this, we
equip it with a metric g,, (), a symmetric (0, 2) tensor field that assigns to each point a

bilinear form on the tangent space. The inverse metric is given by ¢g"*(x) and satisfies

Yupg™ =0, (1.21)

In general relativity we use a Lorentzian metric, and through these notes we use the
signature (— + ++).

The metric defines the invariant line element
ds® = g, () do*dx",

and allows us to raise and lower indices, define lengths of vectors, and measure angles.
Conceptually the differentiable structure precedes the metric structure. The Lie deriva-
tive, diffeomorphism invariance, and the construction of covariant derivatives can all be
formulated independently of any metric.

However, we will use the metric to fix the affine connection. First, from the covariant

derivative of the metric,

vugup = Q,uupa (122>

12



we can demand (),,, = 0. This tensor, defined by the covariant derivative of the metric,

is often called non-metricity. Demanding ()., = 0 we obtain
NGvp — 210,900 = 0, (1.23)

and therefore, the most general solution to solve the previous condition is

1 g
L = 597 Ougvo + 0uguo = Oogu) + T, (1.24)
where TF, = =T/, is an (antisymmetric in yv) arbitrary tensor called the torsion tensor.

In GR, we eliminate both the non-metricity and the torsion, leaving the so-called

Levi-Civita connection,

1
D = 597 (0ugvs + 0uGuo = Do gyu) - (1.25)

Since we have fixed our connection, the construction of the curvatures follows like this.

First, we compute the commutator of two covariant derivatives,

V., Vo]v* = RPGu07, (1.26)
[VM,VV]wp = —R7,,w,. (1.27)

From the previous expressions we obtain

Ry = 20,17, 4217 T7

Vo L Vo > (1.28)
which is the definition of the Riemann tensor, in terms of the metric tensor, which emerges
directly from our commutator. Since the Riemann tensor transforms covariantly (it is a

(1,3) tensor), then we can construct the following covariant (0,2) tensor

Roy = RP 5,00 (1.29)

.
This object is symmetric, and it is known as the Ricci tensor. It will be a very important
object, since it describes the dynamics in GR (see next section).

The last curvature that we can define making use of the Ricci tensor and the inverse

metric is
R,,0°" =R, (1.30)

which is a scalar field, known as the scalar curvature or the Ricci scalar.

Summarizing, we already have defined several tensors:

13



® g, : metric tensor

Quwp: Non-metricity (set to zero throughout these notes.)

T%,: torsion tensor (set to zero throughout these notes).

R?,,,: Riemann tensor (from this one we can obtain the Ricci tensor and the Ricci

scalar).

Index symmetries and Bianchi identities for the Riemann tensor The index

symmetries of the Riemann tensor (R, = R, p00au) are the following:

Ruvpe = —Ruyppo (1'31)
Riuvop = —Ruvpo (1.32)
Rul/po = _Rpaul/ . (133)

When we work with the curvature of a field, instead of the field, we need to remember
that there are identities which helps us to eliminate redundancies. For the case of the

Riemann tensor, we have an algebraic identity and a differential identity:

Ry = 0 (1.34)

ouv|

V[AR/W]pU = 0. (1.35)

It’s part of the problems of this part of the lecture to prove the previous identities.

Due to the previous identities, the number of components of the Riemann tensor is

D2(D?-1)

75— oS0 the Riemann has 20 independent components in D = 4.

1.1.4 Gravitational Action Principles

For constructing a gravitational action principle, we first introduce the following scalar

density

5§\/__ = gf’ﬁp\/—_g + 805/2\/__97 (1-36)

where g is the determinant of the metric. This transformation can be easily obtained from

the identity 0g = gg"“0g,, . Using the technology of the previous section we can safely

14



say that the square root of (minus) the determinant of the metric transforms like a scalar
with weight w = 1. This kind of transformation is known as a density, and it is ideal to

construct a generic principle of action following this structure,

S = /d4m\/—_gT. (1.37)

where T is an arbitrary scalar. If the action has the previous form, then

5.5 = S+ /@(\/—_ng“). (1.38)

The last term of the previous variation is a total derivative, so the action is invariant

under infinitesimal diffeomorphisms and the Lagrangian

L=+—gT (1.39)

is invariant up to total derivatives. Probably, you are thinking that 7" = R is our ideal
candidate for completing our action principle, but R is just one possibility among several.

When we use T' = R, we are formally constructing the Einstein-Hilbert action,

Sp_ oy = / d'zv/—gR. (1.40)

But this is not the only possibility that GR offers. For example, we can define

SRiem2 = / A"t/ =R 51 R 3159pa 9" 9" g"° . (1.41)

It is pretty obvious that this one is much more complicated than the Einstein-Hilbert
action, but in principle it is well-defined if we just focus on the symmetry.
There is a particular action which will be very important for us: Weyl gravity. The

Weyl tensor is an important tensor in GR, which can be constructed in the following way,

2
Cuvpr = Rupr — D_2 (gu[pRA]V - 9V[PR)\]M)

2
(D—-1)(D-2)

+ Rgpufpgaw- (1.42)

where D is the dimension of the space-time. In D=3. the Riemann tensor is fully deter-

mined by the Ricci tensor,

R
Ruupa’D:?) = gupRua - ngRua - Egupgua - (P <~ 0) ) (143)

15



so we can easily see the Weyl tensor vanishes in this particulary dimension. The Weyl
tensor is the part of the curvature that is not locally determined by matter, so C,pr = 0
means that there are no tidal forces not directly sourced by matter (no propagating
gravitational degrees of freedom). Therefore, in D = 3 there is no notion of gravitational
waves, since gravity cannot propagate ”in between” matter sources.

In D = 4 the Weyl tensor is given by

1
Cuvpr = Rupr — (gu[pR/\]v - gl/[pRA]u) + gRgu[pQA]V (1.44)

An interesting example of a solution to GR with vanishing Weyl tensor is FLRW
cosmology (the standard model of cosmology to the date). In this scenario, the FLRW
metric satisfies C),,,» = 0 so all curvature comes from the energy density p nd pressure p,
and there are no gravitational waves in the background.

The Weyl gravity action is therefore constructed as

SWe | = d4$\/ —gC’ v UC/WPU, 1.45
Y nrp

and it is a conformal invariant model of gravity (to prove it is one of the exercices of this
lecture).

Finally, we mention that the number of independent components of the Weyl tensor

D(D+1)(D+2)(D—3)

1S 12

(For D > 3) soin D = 4 it has 10 independent components.

1.1.5 Vielbein Formalism

We now consider flat vectors v* defined on the tangent space on every point of the man-
ifold, where the indices a,b = 0,...,D — 1 are known as “flat indices”. Flat vectors

transform under Lorentz transformations according to
Sav® = vPA® (1.46)

where all the contractions are made with a constant flat (inverse) metric 7°. The Lorentz
parameter satisfies Ay, = —Ay,. Since we are abandoning the metric formulation, we need

to consider a new fundamental field e,*, the vielbein, whose inverse is given by e*,. These

16



objects satisfy,

euanabeub = Guv, (147)
e“an“be”b = g", (1.48)

and they transform covariantly under infinitesimal diffeomorphisms and Lorentz transfor-

mations,
dene,” = €70, + 0,87, + eubAb“ , (1.49)

denets = £70,€M, — L E1eY  + ety A, (1.50)

The previous transformations close, and when we have more that one symmetry, we need

to check also the mixed closure. The full closure in this case is left as an exercise.
Analogously to what happens with infinitesimal diffeomorphisms, the transformation

of the partial derivative of a flat vector does not match with the transformation of a flat

tensor. Considering a generic flat vector v*, we define a flat covariant derivative as
V0t = 00" — w, "’ (1.51)
where w,q is the spin connection. Imposing
Vye," = 0,6, — Ffwep“ — wu“be,,b =0, (1.52)

we can fully determine the spin connection in terms of the vielbein, w,p. = wyp.(e). The

2-form version of the Riemann tensor can be written in terms of the vielbein as

R;wab = _28[uwu]ab + 2w[p,acwu]cb . (153>

1.1.6 Killing Vectors

Before giving our first example, the Schwarzschild metric, we introduce an important

concept: Killing vectors £#. A Killing vector is defined by
ﬁggw, = 0, (154)

which means that the metric is invariant under the flow generated by £*. In other words,

Killing vectors generate isometries of spacetime.

17



In General Relativity, defining conserved quantities is subtle due to diffeomorphism
invariance. However, in spacetimes admitting Killing vectors, one can associate conserved
quantities to these symmetries.

For example, if a spacetime admits a timelike Killing vector field (which in adapted
coordinates can be written as J;), the metric is independent of time and the spacetime is

said to be stationary:
Leguw =0 = 0igu =0. (1.55)
In this case, for a particle moving along a geodesic with four-velocity u*, the quantity
E=-&u" (1.56)
is conserved along its trajectory, and is interpreted as the energy of the particle.

1.1.7 One Example: The Schwarzschild Metric in Standard Coordinates

The Schwarzschild solution describes the spacetime outside a static, spherically symmetric

mass in vacuum. In standard Schwarzschild coordinates

':Elu = (t7 r767¢)7
the metric takes the form
oM oM\
ds? = — <1 — —) dt* + (1 - —) dr® + r*df* 4 r*sin® 0 d¢”. (1.57)
T T

The non-vanishing components of the metric are therefore

2M oM\ !
g =— (1 —— Gr=\1——] (1.58)
r r
Gog =17, Gpp = 17 sin? 0. (1.59)
The inverse metric is given by
2M 2M
gt = — (1 - — "= (1 — —) , (1.60)
r r
1 1
0 = — 00 = . 1.61
g r2’ 9 r2sin® 6 ( )
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Christoffel symbols. One finds the following non-vanishing components:

M oM\ !
t ot
Ftr - Frt - ﬁ (1 - T) ) (162)
. M 2M
M oM\ !
mo=-—(1-2= 1.64
= (-2 (164)
2M
O, = —r (1 - _> , (1.65)
T
2M
IM,=-r(1—=—sin’6 1.66
b6 r ( . ) sin” 6, (1.66)
1
Lo = T4, = —, (1.67)
sz = —sinf cos b, (1.68)
1
¢ _ 19 _
I, =g = o (1.69)
Iy, =T% = cotd. (1.70)

Riemann tensor. The Schwarzschild spacetime is curved, and several components are

non-zero. For example:

2M

Ry = PSR (1.71)
M oM\ !

Reré’r = F (1 - T) ’ (172>
2M

R 404 = — sin? 6. (1.73)

All other components can be obtained from symmetry properties of the Riemann

tensor.

Verification that R,, = 0. To explicitly verify that the Schwarzschild metric satisfies
the vacuum Einstein equations, one must compute all the components of the Ricci tensor
using

_ A A
Ry, = 0,1, — 0,1, + FZ/\FW — I\,

19



As an illustrative example, consider the ¢t component. Using the Christoffel symbols

listed above, one finds that
Ry = 9,1, — 0,17, + T0\Ty — T T}, (1.74)

Since the Schwarzschild metric is static, all quantities are independent of ¢, and there-

fore

Oy, =0, (1.75)

Thus,
Ry = 9,1, + T,y — T, (1.76)

We now evaluate each term separately.

First term: 9,I'7,. The only non-vanishing Christoffel symbol of the form I'}, is

M 2M
I =—(1-—]. 1.77
= (1-27) (1.77)
Hence,
_2M 6M?
Ot =9I} = —— + . (1.78)
r r
Second term: I'’\T';. Since I'} # 0 only for A = r, we have
oy = (%) T (1.79)
We compute
ro, =T} + T, + 15 +T%, (1.80)
M oM\ ' M oM\ ' 1 1
e i I (P (1.81)
72 r 72 r roor
2
= —. 1.82
: (1582)
Therefore,
2 T
roy = ;rtt (1.83)
2 (M 2M?
N 1.84
r (7’2 73 ) ( )
oM  4AM?



Third term: —Ff/\Fg\p. The only non-vanishing Christoffel symbols involving ¢ are

M., T (1.86)
Thus,
DA, = 21 T, (1.87)
and hence
—I{Ip, = =21}, I7,. (1.88)
Substituting,
M oM\
to_
I}, = ) (1 — 7) , (1.89)
. M 2M
we find
T M2
Pfﬁrrtt - 7‘_4 (191)
Therefore,
2M?
A
“Thls, = ——1 (1.92)
Final result. Summing all the contributions we have,
2M  6M> 2M  4M? 2M?
Rtt:(_ﬁ_'_ T4)+(T3_ 7“4)_ ra = 0. (1.93)

A similar computation for the other components shows that all components vanish
identically. This cancellation is non-trivial and relies on the precise r-dependence of the
metric components. Hence, the Schwarzschild metric is Ricci-flat and therefore provides
a solution of the vacuum Einstein equations. Although the Ricci tensor vanishes, the
Riemann tensor does not, indicating that the spacetime is curved. The curvature is

entirely encoded in the Weyl tensor, which describes tidal gravitational effects.

1.2 Part B: Perturbation Theory
1.2.1 General Perturbations

When we talk about perturbations, we refer to a field that it is being expanded around

a particular configuration, which is called the background. In gravity, the field that we
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perturb is the metric, which in general can be perturbed as
Guv = g,uu + h,uy ) (194)

where g, is the background and h,, is the perturbation. Sometimes we assume that the
background is constant, or even flat g,, = 1,,. Let’s focus on this last case. The inverse
metric needs to satisfy g"”g,, = 05 so when we expand around Minkowski with arbitrary

perturbations the inverse metric contains an infinite expansion given by
G = B BRI GhT (1.95)

where the indices of the previous expression are contracted using the background metric,
hY,h? = h**n..h??. If we consider that the perturbation is small (|h,,| << 1 and
|h#| << 1) then one can work at the linearized level. We will show some results for the

action and equations of motion in the next section.

1.2.2 Gauge Fixing and Gravitational Waves
Let’s focus on the Einstein-Hilbert Lagrangian

Sen = /d4x\/—gR, (1.96)

and equations of motion

1
_éguuR + R,uu =0. (197)
If we consider small perturbations around Minkowski, then the linearized connection is
given by
1
re, = §npa(auhw, + Oyhyup — Oohyw) (1.98)

and then the linearized Riemann tensor is given by
Ry = 010, — 0,10, (1.99)

In terms of the perturbation we have,

Rpauu = npa(a[Maahh/]a - a[,u\aahh/]a) , (1100)
1

R(n/ - §(aaaahz/a + aaauhoa - Dhua - a1/80']1) ) (1101)

R = 0"9"h,, —Oh, (1.102)
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where h = h,*. Now we will obtain the linear expansion for the square root of the

determinant. For doing so we use
g = det (1,08 + nuh’,) = —det(65 + h*)) (1.103)

where in the last step we used that the determinant of the Minkowski metric is —1. Now

we need to recall the identity
det(1+ H) = I+ — _g (1.104)
Using In(1+ H) = H — $H* 4+ H® + ... w can define

1 1
Trin(1+H)=TrH — 5Tr(H2) + gTr(H?’) : (1.105)

Also recalling eX =1+ X + %XQ + %Xg + ... we obtain

det(l1+H) = 1+Tr(H)+ %(TTH)Q — %Tr(Hz) + %(TrH)?’ - %TT(H?’) — %TT(H)TT(Hz)

- 14+X=—g. (1.106)

Finally, using V1 + X =1+ %X — %XQ + %Xs we obtain

1

T (1.107)

1.1
\/—_g:1+§h+§h2

In the last replacement we used T'r(H) = h. So far we have not imposed any gauge fixing,
so this is the moment. We start by analyzing which is the symmetry that we will demand

on the linearized theory. The symmetry is linearized diffeomorphisms, given by
dchyw = 0,8 + 0.6, . (1.108)
Now we impose the harmonic gauge (also called De Donder gauge),
1
0" hyy — 58,,h =0, (1.109)

which means that we are using the four components of £ in (1.108) to simplify the de-
grees of freedom of the metric (originally 10 components, since it is a symmetry tensor).

Moreover, if we transform the previous expression we find,

5¢ (9", — %8,,h) _ e, (1.110)
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meaning that once the harmonic gauge is imposed, it is preserved by diffeomorphisms
that shift the coordinates by vector fields £ such that [J¢ = 0.
Under this gauge the linearized action is just a total derivative, so the leading contri-

bution comes from

1
Sp_pg = — /d‘*:c(R(j)n"” — RWpov 4 §hR,(,10)77"”) : (1.111)

while the equations of motion are given by

1
Oty = 51ash) = 0. (1.112)

Typically, we define BW = hy — %nm,h, so the equations turn into the wave equation,

with plane wave solution

h/uz = Auueikama (1113)

and k% = 0 (waves travel at the speed of light). Typically when we inspect gravitational
waves, we use a remanent gauge symmetry to solve the Harmonic gauge (this is called

TT-gauge) in the following way,
0"hy, = 0,h =0, (1.114)

and therefore the equations of motion are just [lh,, = 0. While for the moment we were
choosing the diffeomorphism transformations generated by &, with [J§, = 0, we can also

choose
¢, = Ce™™” (1.115)

to further reduce other 4 degrees of freedom from the metric. Under the TT-gauge (and

z-propagation k* = (w,0,0,w)), the polarization takes the form,

00 0 0
0 hy hy O

Ay = * (1.116)
0 hy —hy O
00 0 0

Under the TT-gauge the polarization is traceless A,* = 0. Also it satisfies A,, = 0 and
k*A,, = 0 (the latter is the Fourier transformation of the transverse condition). The

remanent h, and h, are the two physical polarizations of gravity.
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1.2.3 Inclusion of Matter

Let’s now go back a little. We already know that we can construct different gravitational
theories by defining a Lagrangian, which is a scalar under diffeomorphisms. But so far,
these theories do not contain matter. In some sense, we have an empty universe and now

it’s time to fill it. For doing this, we have two possibilities:

e Fields in a curved background: We can couple a matter fields to any of our gravi-
tational fields, which means that we can couple a matter Lagrangian together with
our gravitational Lagrangian. If we focus in the E-H Lagrangian, the results is

something like

1
Sp—t-matter = 5~ / d'r/—g (R + 2Lm(¢)) (1.117)
where now we are explicitly including the coefficient k = 82—? which was omitted

so far. Here, Lm(¢) is a Lagrangian for the matter, and ¢ represent an arbitrary

matter field. For example, we can couple a massless scalar field,

Lm(6) = — 50,600~ V(0) (1.118)

or more complicated setups, but always respecting that Lm transforms as a scalar.

Let’s focus on the massless scalar field, to understand how to compute the dynamics.
In principle our fundamental fields our the metric and the scalar field, so now we
will have two equations of motion: one coming from the variations with respect to

the metric,

1 dSm,

1
2 V9B = 5 Rgw) + 5205 =0 (1.119)

and other one coming from the variation of the action with respect to the scalar
field

oLm
0
The LHS of the previous equation gives

=0. (1.120)

o

Sl = ~0,(60)0.00" ~ &

(1.121)
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We can promote the derivatives to covariant derivatives, and integrate by parts to

obtain

dpLm = 69V, V,0g"" — i—‘; =0. (1.122)

In the case V = 0, we obtain the Klein-Gordon equation ¢ = 0.

Let’s move to the metric equation. We define

2 05,
T, = —— 1.12
® /_g 5g,u1/ ( 3)

so that the full equation of motion with respect to the metric tensor is given by

1
Ry = 3R = Gy = KTy (1.124)

Since we are analyzing the case of the massless scalar field, the energy momentum-

tensor is given by

1 5V
= (L + 20,0000 + 25

, = —
K

T,

). (1.125)
For computing the previous variation we have used d,/—¢g = —%\/— 909" G-

Statistical matter on a curved background: The other alternative is to couple sta-
tistical matter, meaning particles with a certain dynamics on the manifold. In this
sense, one can explore how include a single particle in the curved geometry, and then
generalized this idea for simple configurations, like fluid dynamics. This second op-
tion is based on relativistic hydrodynamics and, interestingly, in some simple cases,
we will be able to formally develop a correspondence between statistical matter

dynamics and the field theory description.

For describing statistical matter, the correct starting point is the phase space. For
each point x on the manifold, we have introduced its tangent space P,. In this
moment, we will define vectors of momenta, p*, on this space. In consequence
the phase space is a collection (z,P,) (this is known as a tangent bundle). The
momentum can be considered independent of the position and thus

op¥
oxH

=0. (1.126)
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This condition holds in an off-shell formulation of the relativistic kinetic theory
which is the scenario that we deal with. Conversely the on-shell condition p*p,, = m?

spoils the independence.

The infinitesimal diffeomorphisms of a phase space scalar v with constant weight w
can be written as

967 (x) v
OxP Op°’

d¢v = Lev + pf (1.127)

where L¢ is the usual Lie derivative with {# = £#(x) (no p dependence). We may
extend (1.127) to tensors by taking the usual Lie derivative acting on different tensor

structures, e.g. for a (1,1) tensor we have

o€°

o 0 L O, o
0x°

Leva” =& ox®  Ox+ Yo Oz

v, +w=—0v,". (1.128)

It is straightforward to check the closure of the transformation (1.128),
[551 ) 562} UHV = 5521Uuy (1'129)

and show that the bracket is given by the Lie bracket,

08

o) =52 — (162). (1.130)

In other words, both the phase space formulation and the space-time formulation

share the same bracket.

Since we have tensors acting on the phase space we need to define a natural extension
of the covariant derivative in the phase space, namely the Liouville operator D,,.
Regarding that we have taken the collection (z*,p*) to be the basis of the phase

space, the Liouville operator for an arbitrary tensor reads

OAP
D, APz, p) =V, AP (x, p) — Fpr”# : (1.131)
pO’
where V, is the well-known covariant derivative. In particular it satisfies
D,p" =D,p,=0. (1.132)
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Finally the diffeomorphism invariant volume element of the phase space is the prod-

uct of the coordinate and momentum invariant volume elements, namely

V9d'p \/gd?r = gd'pd’z (1.133)

with g the determinant of the metric tensor.

The relativistic Boltzmann equation rules the evolution of the one-particle distribu-
tion function (1pdf) f = flx, p|, which is a phase space scalar. In its simplest form

this equation is
P'D,f = CIf]. (1.134)

The RHS of (1.134) is the collision term which takes into account the non-gravitational
interactions between particles. If an equilibrium state is achieved the 1pdf takes its

equilibrium form f = foq and C[feq] = 0.

The integration of the first and second moment of the distribution function (with

respect to momentum) give rise to covariant quantities in space-time. For example,
[ 9 1le. 6’y = N (1.135)
with the usual conservation law or transfer function for the particle current N*,
V,N*=0. (1.136)
If we instead take
[ slasl vty = 1), (1137)
we can define the energy-momentum tensor, which satisfies the conservation law

vV, IT" =0. (1.138)

Since the energy-momentum tensor and the Einstein tensor have the same proper-

ties, we can safely take
1 o, v d
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which is the Einstein equation, but obtained from the phase space construction. This
means that the matter coupled to the manifold does not come from a Lagrangian

formulation, but it comes from a statistical distribution.
The simplest distribution function to consider the generalization of the Maxwell-

Boltmann to curve space (also known as the Maxwell-Juttner distribution),

f(x,p) oc e Pu?" (1.140)

Up

—=. The energy-momentum tensor in this case is
kpT

where 3, =
T;w = (6 + p)uuuu + P9 , (1141)

which is known as the energy-momentum tensor of the perfect fluid.

The perfect fluid-scalar field correspondence
Now we will show that there exist a formal correspondence between coupling a scalar
field on a manifold, and coupling particles obeying the Maxwell-Juttner statistics.

In the case of a scalar field the energy-momentum tensor is
T = |0"P0"P — %gwapcpapcp - Vg™, (1.142)
On the other hand, the energy-momentum tensor for an effective perfect fluid reads
Ty = (e + p)utu” + pg"” (1.143)

In order to deduce the scalar-fluid correspondence we first define the following iden-

tification for the velocity,
0,®
Uy = —F———,
" /]0r®0,0|

with 0°®0,® # 0 and u,ut = sign(0°®9,P). Since we use the positive signature,

(1.144)

when 0799, < 0 the velocity u, defines a time-like vector and the energy density

and the pressure of the effective perfect fluid are related to the scalar field through

1

¢ = —500P,0 4V, (1.145)
1

p = 5000,V (1.146)
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Finally, using the correspondence we are able to find the full action corresponding

to a perfect fluid in terms of the scalar field variables,

i /d4x\/—_g(R +2p(9)) . (1.147)

1.2.4 The Standard Model in Cosmology: Friedmann-Robertson-Walker

Solution

Having introduced matter sources and, in particular, the perfect fluid description,
we are now in a position to study cosmological solutions of Einstein’s equations.
The guiding principle is the cosmological principle, which states that on large scales
the Universe is homogeneous and isotropic. These symmetries strongly constrain
the form of the metric, leading to the Friedmann-Robertson-Walker (FRW) ansatz,

dr?

1—Ekr?

ds® = —dt* + a*(t) { + TQng] , (1.148)

where a(t) is the scale factor and k& = 0,41 encodes the spatial curvature.

We will assume that matter can be described by a perfect fluid with energy density
e(t) and pressure p(t). Homogeneity and isotropy imply that u* = (1,0,0,0) in
comoving coordinates. Before proceeding with the Einstein equations, let us briefly
explain how the ansatz (1.148) is constructed from symmetry principles. The cos-
mological principle imposes that spatial slices at constant time must be maximally
symmetric three-dimensional manifolds. This implies that their metric must have
constant curvature, which uniquely fixes the spatial line element (up to the curva-
ture parameter k& = 0,£1). Furthermore, homogeneity and isotropy forbid cross
terms of the form dt dz* and require that the only time dependence appears through
an overall scale factor multiplying the spatial metric. As a result, the most general

line element compatible with these symmetries takes the form
ds® = —N?(t)dt* + a*(t) yyda'da’ (1.149)

where ~;; is the metric of a maximally symmetric space and N () is the lapse func-

tion. By a time reparametrization we can fix N(¢) = 1, leading to the FRW metric
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(1.148). This construction highlights that the entire cosmological dynamics is en-

coded in a single function, the scale factor a(t).

The dynamics follows from Einstein’s equations,

G = KTy, .

(1.150)

Let us now explicitly compute the Levi-Civita connection for the FRW metric, in

order to illustrate the general procedure. Recall that the Christoffel symbols are

defined as

1 g
FZU = §gp (a,ugucr + az/g;w - aag,uu) .

We will work in the gauge N(¢) = 1, so that the metric components are

goo = —1, 9oi =0, gi; = a*(t) vij -

The inverse metric is therefore

Let us compute some representative components:

Time-time components: Since gy is constant, we immediately find

Mixed components: Consider F?j. Using that go; = 0, we obtain

1 1 :
Iy = 5900 (=80g5) = 5(=1) (—00(a*yij)) = aai;.

Similarly, for T'f; we find

o1 11 . Q.
Iy = 59 kﬁogjk =57 k(?aayjk) = a5j.
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Spatial components: Finally, for Fék we have

i L

ik =39 (0igre + Okgje — Oegi.) - (1.157)
Since a(t) depends only on time, it factors out of spatial derivatives, and we obtain

1 .
k= 5716 (O5ke + Ovje — D) = P | (1.158)

which are precisely the Christoffel symbols associated with the spatial metric v;;.

Therefore, the non-vanishing components of the connection are
VR

D =aiyy,  Ty=-d, D=0 (1.159)

This shows how the time dependence of the scale factor a(t) controls the non-trivial

structure of the connection, and ultimately the curvature of the spacetime.

From these, one obtains the Ricci tensor components,

Ry = —32, (1.160)
a
Rij = (ad+2a®+2k) ;. (1.161)
The Ricci scalar reads
a a*  k
R=6l-+—=+—). 1.162
(a * a? * a2) ( )

We now plug these expressions into the Einstein tensor. The (00) component gives

a2k
Goo = 3 (@ + ) , (1.163)

a?

while the spatial components yield
i a® k

Equating to the energy-momentum tensor components, Toy = e and T;; = p g;;, we

obtain the Friedmann equations:

a’>  k K
?—f—? = 56, (1165)
g - —g(e+3p). (1.166)
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We define the Hubble parameter H = a/a, so that (1.165) takes the form

s K k
The conservation of the energy-momentum tensor,
vV, ™ =0, (1.168)

provides an additional equation. For v = 0 this yields the continuity equation,
é+3H(e+p)=0. (1.169)

This equation is not independent: it follows from the Bianchi identity V#G,, = 0
together with Einstein’s equations. To close the system, one typically assumes an

equation of state,
p = we, (1.170)

with constant w. In this case, the continuity equation (1.169) can be integrated to

give
e(a) oc a30+w) (1.171)

Some important cases are:

— Dust (pressureless matter): w=0= e~ a3,

4

— Radiation: w = % =en~a "

— Cosmological constant: w = —1 = e = const.
The second Friedmann equation (1.166) shows that the expansion accelerates (¢ > 0)

if e + 3p < 0, which is the case for a cosmological constant or, more generally, dark

energy components.

In standard cosmology, one often includes explicitly a cosmological constant A,

modifying Einstein’s equations as

G +ANgu = KT, . (1.172)
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This is equivalent to shifting the energy density and pressure as

A A
e—e+ —, p—>p——. (1.173)

K K
The set of equations (1.165), (1.166) and (1.169), together with an equation of state,
fully determines the dynamics of the scale factor a(t). These equations constitute the
basics of the A-CDM model, which successfully describes the large-scale evolution
of the Universe, including radiation domination, matter domination and the present

accelerated expansion phase.

1.3 Part C: Introduction to Classical Gauge Theories

In the last part of this lecture we will move to gauge theories, where the fundamental
degree of freedom is a gauge field A,;, with i a gauge index (running from 1...N,
with N the dimension of the gauge group). During this part, we will forget about
the gravitational theory, and we just describe the gauge theory on a curve space.
This means that the equation of motion with respect to the metric tensor will give

us the effective energy.momentum tensor that the theory is producing.

1.3.1 Warming up: Maxwell

Maxwell theory is the simplest case of a gauge theory, because the theory is Abelian
(U(1)) and we can describe it just with the field A,. This means that we do not
need the extra index since dim(U(n)) = n?.

Symmetries and closure The symmetry rules acting on A, are

Jex = LeAy, + Q. (1.174)

When we compute the clousure for the A-field we obtain the Lie bracket &3 plus a

gauge parameter
A3 = 25[‘;8,))\1] . (1.175)
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Since the gauge transformation of the A, field is given by the derivative of a pa-
rameter, then this field transforms in a non-covariant way with respect to gauge

transformations. Therefore, we need to construct its curvature, F),,,

Fu = 0,4, —0,A,. (1.176)

It is very easy to prove that this curvature is a tensor with respect to both symme-

tries:

— For the diffeomorphism symmetry we can just promote 9, — V, since we are
not considering torsion. Therefore the curvature is a tensor with respect to

diffeomorphisms.

— For gauge, we can simple transform an obtain 0, F),, = 9,0,A — 0,0,A = 0.

Just to give you some intuition for the curvature of the A-field, the usual parametriza-

tion is given by

-£ 0 B, -B,
E,, = c (1.177)
" l-& B, 0 B

-£& B, -B, 0

Let’s now introduce the Bianchi identity for F},,. As happened with the Riemann

tensor, the F-curvature obeys its own identity, given by
Vit =0,F,,)=0. (1.178)

In the first equality we used the fact that there is no torsion on the space-time.

Action and equations of motion The Maxwell action is given by

1
S\ar = ~1 /d4x\/—gFu,,F“”. (1.179)
The equation of motion with respect to the A-field is given by
1
0aShar = =5 /d4x\/—g§AFWF’”” (1.180)

_ _% / VgV 5A) P (1.181)

35



and using integration by parts we obtain
V=0, (1.182)
If we think that the Maxwell theory is coupled as a matter Lagrangian, then

the equation of motion with respect to the metric is proportional to the energy-

momentum tensor,

1 1
8y Smaz = g/d4x\/—g5g“°‘ngl,ﬂF”ﬁ — §/d4x\/—g5g“aFWFaﬂg”ﬁ. (1.183)
Therefore
1
T =—2F,°F,5 — ~guFoasF"). (1.184)

4
The previous tensor has no trace, reflecting its scale invariance (the photons have

no mass).

Before moving to the non-Abelian case (Yang-Mills), we will briefly discuss about a
particular case inside Maxwell: the self-dual scenario. Let’s define

Fuu = %euupano s (1185)

with €,,,, a Levi-civita symbol (fully antisymmetric).

When F = F (self-dual Maxwell), the Lagrangian becomes

1~
_ZFWFWZVMKH (1.186)

This Lagrangian is known as an Abelian Pontryaguin and it is a topological term.
Particularly, since it is given by a total derivative, do not affect to the gravitational
dynamics. The explicit form of K* can be obtained by explicitly writing

- |
— Fu ™ = —%e’“’p"VpAUVMAZ,. (1.187)

By integrating by parts this last expression one has,
KP = _%GPWAH@VAU. (1.188)

So far this is just a curiosity of the self-dual Maxwell theory, but when one promotes
the Abelian group to a non-Abelian one, the full Chern-Simons 3 form emerges from

_ ) vo
K? = —gﬁpu C,u,llo‘-
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1.3.2 Yang-Mills

Symmetries and closure The non-Abelian gauge transformations act on A,; in

the following way,
HAL = 0N + [ uNAL (1.189)
where A\ is an arbitrary parameter. In non-Abelian gauge theory, the transformation
5)\Ui = fijk)\jvk (1190)

defines a gauge vector. This means that the A," field transforms in a non-covariant
way with respect to non-Abelian transformations, and that’s fine. This field trans-
forms as a gauge connection, so we will use it to construct the gauged version of the

covariant derivative (for Maxwell theory was not necessary, but now we need it).

Considering an arbitrary gauge vector v?, the partial derivative of this vector is
not covariant and we need to extend the notion of covariant derivative in order to

include the gauge symmetry,
V' =00 — flpAlvk. (1.191)

Here we use the same notation V for the gauge covariant derivative as in (?7), so
our convention is that V covariantizes the derivative of an object with respect to all
the symmetries that the object transforms under (similarly to what we did for the
vielbein formalism). Let’s see a quick example. Let’s consider a quick example: We
will explore the covariant derivative of the curvature F},,*. This field is now defined

as,
' =20,A) — fiadJAF, (1.192)

and, once again, this curvature transforms covariantly under both diffeomorphisms

and non-Abelian gauge transformations

5)\F,uz/i = fijkAjFuuk s (1193)
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this last statement requires the use of the Jacobi identities,
fa™ i+ " et S =0 (1.194)
Now that we have the definition, let’s explore the covariant derivative:
V.F, =0,F,, =20 Fop — [xAF,F. (1.195)

In the previous expresion we clearly observe that the last term is non-covariant with
respect to non-Abelian gauge transformations, so it compensates the non-covariance

of 0, F,, under this symmetry.

Let’s now move to the closure of the transformations. Let’s consider the full trans-

formation of the A-field,
Sep Al = EPOAL + 0,6 Ay + 0N + 1N Al (1.196)

The brackets for this field now include those from Maxwell plus a gauge bracket

proportional to the structure constants given by
A3’ = fLRAIAE (1.197)
The Bianchi identity for the curvature of the A-field is given by
ViFg' =0. (1.198)

This is the non-Abeliana generalization of the Gauss law and the Faraday law,
which are encoded in the Bianchi identity for the Maxwell case. Now we have all

the ingredients to construct the action and deduce the equations of motion.

Action and equations of motion The action of Yang-Mills is very similar to

the Maxwell action, but now we need to take a trace over the gauge indices,
Syar = —1r [ deR, v = L [ dier,,ipe
YM — _Z r d*x v = _Z d*x v Rij (1199)

where k;; is a Cartan-Killing metric (k;;x’% = 6F). The computation of the equation
of motion with respect to the gauge-field is similar to the Maxwell case, but now we

have to include the extra term in the definition of the curvature.
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SaSym = —% / d*x64F,, F"™ ky;
= — / d*z64(0,A," — fraALlA) Pk,
- - / d*z(0,0A," — 2f 6 A AL FrHig,; . (1.200)
Therefore the equation of motion is
V. F" =0 (1.201)
where now V,, contains gauge contributions.

Self-dual Yang-Mills Let’s explore the self-dual case. Similarly to what hap-

pened in Maxwell, now we can obtain a non-commutative Pontryaguin from the

action,
S = —}ler / d*ar/—gF,, F" = / d*z/—gV K", (1.202)
with
KM= —éewa(AiapAgi — %A;A;Ag fijk) - (1.203)

This is the Chern-Simons current, constructed from the Chern-Simons 3-form

) 1 . .
Cl/pd = A,Z/apAUi - gAl A]Akfijk (1204)

viiptto

contracted with the epsilon pseudotensor.

Let’s try to simplify the prescription of the self-dual case for flat space. We adopt

the following light-cone coordinates,

1 1
u=—(t—2), v=—7(@t+2), w=—4(x+1y), W=

V2 V2

such that the Minkowski metric takes the form!

(x —1iy), (1.205)

Sl

ds* = —2(dudv — dwdw). (1.206)

"'We recall that we work with mostly-plus metric signature conventions.
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In these coordinates, the self-duality condition reduces to three independent equa-
tions:

Fuwi = 07 Fuvi = F’wwia Fv'wi = 0. (1207)

From now on we will work in the light-cone gauge,
Al =0, (1.208)
The first constraint in eq. (1.207) reduces to
Fon'=0 = 0,A,'=0, (1.209)

which is trivially solved by setting A, = 0. With this solution, the second constraint
in eq. (1.207) yields
Fu' = Fug' = 0,A," = 0,As". (1.210)

This corresponds to an integrability condition and can be solved by setting
) 1 ) . 1 )
sz - 5610\1[2, sz - 587)1/’, (1211)

where U’ is a gauged scalar field. We therefore find that a self-dual gauge field in

light-cone gauge can be written in terms of a single charged scalar,

1
Ay =5(0.0,9,0,0,9), (1.212)

and the final equation in eq. (1.207) provides a constraint for the dynamics of this
field,
Fop=0 = DOV~ £;,.0,90,¥ = 0. (1.213)

This is the equation of motion for self-dual Yang-Mills (SDYM) in light-cone gauge.

Let us try to gain some intuition about what these equations describe. First, by
constructing polarisation vectors in the light-cone coordinates used above, one can
show that the self-dual gauge field of eq. (1.212) corresponds to a positive helicity
state. Second, by contracting the self-duality condition with a covariant derivative
we find

D Fry = & e DV =0, (1.214)
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which vanishes as a consequence of the Bianchi identity. Thus, self-dual gauge fields
are automatically solutions to the full Yang-Mills equations. The SDYM equations
therefore describe the positive helicity sector of Yang-Mills. The negative helicity
sector is captured by the anti-self-dual Yang-Mills equations, which corresponds to

the introduction of a negative sign in the self-duality condition.
Self-dual Gravity Revisited

The story for self-dual gravity (SDG) in light-cone gauge is broadly analogous to
SDYM, albeit more computationally intensive. Here the self-duality condition is
Rype = %eummi)m (1.215)

where R,,,, is the Riemann tensor. Note that the Riemann tensor is not a 2-form
and so this condition at first seems somewhat perplexing. However, it can be easily
shown that this constraint descends from the self-duality condition on the curvature
2-form R,,,qp. Just like in SDYM, solutions to eq. (1.215) are automatically solutions
to the vacuum FEinstein equations, which can be seen by contracting two of the
indices,

R, = %eumRvéW —0, (1.216)
where the RHS vanishes as a consequence of the Bianchi identity. We now write the
metric in the following form

Guv = Ny + h,um (1217)

and impose the light-cone gauge via h,, = 0. We will skip the computation details,
but by taking this ansatz in the self-duality condition of eq. (1.215), one finds that

the metric can be written in terms of a single scalar field ¢,
ds®> = —2(dudv — dwdw) + k(926 dv* + 02¢ dw?* + 20,0,,¢ dvdw), (1.218)
which satisfies the equation of motion
¢ — k{0, D} = 0, (1.219)
where we have introduced the Poisson bracket

{f,9} = 0wfOug — 0ufOug. (1.220)
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Before moving to the last topic of this lecture let us compare egs. (1.213) and
(1.219). In both cases we obtain a wave equation with a source, where the nonlinear
interaction is controlled by a bracket along the same pair of light-cone directions.
In SDYM the interaction is governed by the Lie bracket of the gauge algebra, so
the nonlinearity is entirely determined by the structure constants of the internal
gauge symmetry. In contrast, in SDG the nonlinear term involves the Poisson
bracket, which plays the role of a Lie bracket for functions on the (u,w) plane. In
this sense, self-dual gravity can be viewed as an analogue of SDYM in which the
finite-dimensional gauge algebra is replaced by the infinite-dimensional algebra of
area-preserving diffeomorphisms. The deeper relation underlying this analogy is a
double copy map between the gauge theory and the gravitational theory. We will

return to this idea in the next lecture, where we will discuss it in more general tems.

1.3.3 DFDF action

Now that we have already constructed the actions of both Yang-Mills and self-
dual Yang-Mills, we will move to a different non-Abelian gauge theory. At this
point we would like to compute something equivalent to Weyl gravity, but for gauge
theory. The main difference between Einstein-Hilbert is that in Einstein we are
considering a two-derivative Lagrangian (/—¢R) while in Weyl we have a four-
derivative Lagragian (,/—¢gC?) which is the square of some tensor (the Weyl tensor).
Similarly, we can think about some two-derivative candidate (as the Weyl tensor)

constructed from the F-curvature, such as
V.F,,. (1.221)

There are not many possibilities for constructing a higher-derivative gauge La-
grangian, due to the Bianchi identities and total derivatives. During this course

we will study the case J? with J, = VFF,,,.

Action and equations of motion
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Let’s consider the following action

1 .
Sprpr = 3 / V=gV NP E,,; . (1.222)

At first glance we see that the action is invariant under both infinitesimal diffeo-
morphisms and non-Abelian gauge transformations. The equations of motion with
respect to the gauge field can be easily computed by noting that we can safely write
F,, = 2V, A,). Typically, if the object is a connection, the covariant derivative can-
not preserve the covariant structure. However, for this particular case the relation
is true and it preserves the good behavior of the curvature. So the variation of the

action can be written as
6aSprpr =2 / V=gV, VHSAVNPE,,; (1.223)
We integrate two times the last expression and we obtain,
6aSprpr = 2 / V=90 AN [ VHVPE (1.224)
Therefore, the equation of motion for the DFDF theory is given by
aJ, -V, V¥J, =0. (1.225)
If we compare this last equation against the equation of motion of Weyl gravity,
VOV Gy + 5B Copr =0, (1.226)

in this case we cannot recognize an immediate relation between these theories. How-

ever, as we will see in the next section, both theories are also related by the double

Copy.

1.4 Exercices

1.4.1 Part A

1. Find the expression for the commutator of two covariant derivatives acting on

a vector when the torsion does not vanish.
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2. Show how the Riemann tensor changes under a covariant shift of the connection

(I' - I' + T, and prove that the Riemann tensor still transforms covariantly.
3. Prove that the trace of the LC connection is given by T'\ = \/%—ga,\\/—g.

4. Prove the identity [ d*z\/=gV,T" = [ d*zd,(/—gT*") which allow us to par-

tial integrate with the covariant derivative, without considering the measure.
5. Prove the two Bianchi identities for the Riemann tensor.

6. Prove the "wave identity” for the Ricci tensor,
OR,, = 2R, w.R” —2R,,R’, +V ,V,R.

7. Compute the variation of the Ricci scalar with respect to the inverse metric

tensor: 5255 = @%(Rpgw,égg"”).

8. Compute the equation of motion for the Einstein-Hilbert Lagrangian. Hint:
use the variation of the previous exercise and dg = —gg,,,09"".

9. Prove that Weyl gravity is conformal invariant. A conformal rescaling of for
the metric is given by d:g,, = € g

10. Consider a generic vector v* with arbitrary weight and show that the closure
[551,552]11# = 6¢,,0* holds.

11. Prove the closure of the diffeos plus Lorentz transformations in the vielbein

formalism. It is enough to show the closure on the vielbien.

12. Consider a generic flat vector v* and compute d,(9,v%) and 64(V,v*). Com-
pare both expressions to obtain 65w ,.p.

13. Use the vielbein compatibility to obtain wep. = —et(qe"y) 0 epe + et ae” ey +
et pe” 0ueuq

14. Prove that all the contractions of indices between the Weyl tensor and the

inverse metric is zero.

15. The equations of motion for Weyl gravity are given by B, = V*V°C,,., +
%R’)"C’WW = 0, where B, is called the Bach tensor. Show that every solution of
the vacuum Einstein equation (R, = 0) is solution of the vacuum Bach equation

(this implies that every solution in Einstein gravity is solution in Weyl gravity).
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16. Compute the EOM for: S =2 [ \/=g(Ric* — $R?), which is equivalent up to
total derivatives with the standard C? Weyl action. To move from one to another
one uses the Gauss Bonnet identity in D = 4: Riem? = 4Ric®> — R? + t.d where t.d

is a total derivative.

1.4.2 Part B

1. Show that the linearized Riemann tensor is invariant under linearized diffeo-

morphisms.

2. Compute the quadratic Einstein-Hilbert action around Minkowski space in
terms of the perturbation (harmonic gauge). After integrations by parts you should
obtain the Fierz-Pauli Lagrangian: %0ahW8°‘ﬁ“”.

3. Considering perturbations around Minkowski, construct the theory /—g(R +
Riem?) up to quadratic order in the perturbation. ;Is the action invariant under

linearized diffeomorphisms?

4. Considering perturbations around Minkowski, construct the theory \/—gW? up

to quadratic order in the perturbation. For doing so consider the action Swey =
2 [ /=g(Ric* — 3 R?).
5. Transform the Liouville operator acting on a generic phase space vector, D, v”

and verify explicitly that it transforms as a phase space tensor.

6. Kinematics of the perfect fluid: Define a* = v’V u* and consider the decom-

position in irreducible tensorial parts:
1
Vouy, = wu + 0, + g@(glw + uyu,) — a,u,

where w,,, is the vorticity (antisymmetric), o, is the shear tensor (symmetric and
no trace) and © is the expansion scalar. Using u?> = —1, find the explicit form of

these quantities in terms of u, Vu, a.

7. Considering V,V,uy — V,V,uy = R?),,u, and the decomposition of the pre-
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vious exercise, compute the evolution laws:

UHVHW)\V = fz\l/
U“VHO')\Z, = Ow
uwvV,0 = h.

8. Consider a dust configuration (p = 0 and 7" = eutu”). Prove that in this
case, the evolution law for the expansion is given by the Raychaudhuri equation:

u'v,0 = w? — o? — %@2 — 4rre.

9. Standard cosmology: Compute the Riemann tensor for the FRW ansatz. Then

check that the Ricci and R terms provided are consistent.

1.4.3 Part C
1. Using the Jacobi identity for fi, i.e., fu™fix' + fu™fuit + fu™fi;' = 0, show
that F),,; transforms covariantly under non-Abelian gauge transformations.

2. Using f'fi™ = 20/6@15,?] compute the gauge transformation of the Chern-
Simons 3-form AC/(J,%)p'
3. Consider a generic gauge vector v’. Show [VM, V,,} vl = firviFR

4. Show that V,C') =

1
vpo| — 4

Fi [/wiF poli:

5. Consider self-dual Yang-Mills in Minkowski space and light-cone gauge. Show
that in this gauge the gauge parameters parameters only depends on v and w, i.e.,
A= N(v,w).

6. Following the spirit of the previous exercice, compute the transformation of oW

and prove that this charged scalar transforms non-covariantly. You should obtain

that in this gauge udgz\! = W,

1.5 Complementary reading

— Gravitation, Charles W. Misner, John Archibald Wheeler and Kip Thorne.
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— Exact solutions of Einstein’s field equations, H. Stephani, D. Kramer, M. A.
H. MacCallum, C. Hoenselaers and E. Herlt.

— Nonequilibrium Quantum Field Theory, E. A. Calzetta and B-L. B. Hu
— Relativistic Hydrodynamics, Luciano Rezzolla and Olindo Zanotti.

— The Relativistic Boltzmann Equation: Theory and Applications, Carlo Cercig-

nani and Gilberto Medeiros Kremer.

— Gauge Theories in Particle Physics I and II, I.J.R. Aitchison & A.J.G. Hey.

2 Lecture 2: Off-shell Single and Double Copy

2.1 Part A: Kerr-Schild Ansatz and Off-shell Single Copy

For Maxwell
2.1.1 General Ansatz with Null Vectors

Our purpose for this section is to obtain the Maxwell equations |
V. F* =0 (2.1)

from the general relativity vacuum equation R,, = 0. Particularly, our starting
point will be general relativity, but the metric will have the following particular

ansatz from the very beginning,
G = G + QL §pubow (2.2)
where [* is a null vector,
P Gul” = gl =0, (2.3)

v a scalar field and x a constant. We can understand this ansatz as a perturbation
of a background solution, g,,, using the null vectors and the scalar field. The null

condition ensures that the inverse metric is finite
g = 9" — Kpl"l”. (2.4)
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Now we define the background covariant derivative acting on the vector [,
Vulr =00 +T% 1 (2.5)

and also defining [, = [¥g,, we can write the full connection as

e, = f‘fw + /@F/(jl,)” + KQFLQV)p (2.6)
where
D = 379 0(0hls) — 537 To(0hiL). 2.7
and
P = %Wz“@a(a)zuz,,) . (2.8)

As reader can easily verify, the contributions I’,(},,)p and T,(f,,)p are tensorial shifts in

the LC connection. This means that we can easily write the full Riemann tensor by

defining
_ 1 2
A%, =T0r +TQr, (2.9)
and therefore
Ry = Ry + 2V, ATS) +2AT7 ATS, . (2.10)

By taking the trace in the previous relation, we have a relation for the equation of

motion,

Re, = Ra, + 2V, ATY + 24T, AT . (2.11)

[pa=" ve

So far, we have only imposed the null condition. If we analyze the gravitational

EOM we find

Re, = Re, + kRY + k?R? + 3R = 0. (2.12)
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2.1.2 The Kerr-Schild Ansatz

The idea of the Kerr-Schild ansatz is to find an extra relation, apart from the null

condition, an simplify the equation of motion to just RW = R,(}V) = 0.

In order to find this magic condition, we first explore the equation R = 0 which we

use to write R, = 0. The expression for the Ricci scalar is
R=R+RY +R® =0. (2.13)
where the quadratic part is given by
) = Lo 1o 4
R =5¢ VPN L, . (2.14)

While apriori the powers of the Ricci scalar could higher than the Ricci due to the
extra inverse metric R = R, (§" — kpl"l”), it is straightforward to prove that the
Ricci scalar is at most quadratic. Therefore, at this point we could impose the

condition
NP1V 4, = 0 (2.15)

or simply
'V, IP=0. (2.16)

With these ideas in mind, let’s explore now the cubic contributions of the Ricci
tensor to decide what to impose. The important thing here is that we would like to
include an extra condition to make the equation linear in the kappa parameter, but
we would not like to eliminate all the dynamics and just have the trivial RW = 0.

We want to keep some non-trivial physics, but simple.

The cubic contributions to the Ricci tensor are given by

|
RE) = —— POV, IPIV 11, (2.17)

vo _5
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so both conditions eliminate this contribution. Let’s move to the quadratic terms,

R() = %@Npsosol’"‘l%la + %%gﬁpzp@ng + VoV Ll e,
+V 0V ool 1PL, + %ﬁﬁpzywmpza + %mwwywm
%wzﬁvzaww + %@szgwmm + %%zuwawm
—%@V@Mlpgpgpz“zgzp — %ﬁywﬁpzﬂwzpza — %%W,}w@zwa
—%mzpﬁpzuwzyzg + %mzr’wngp%zg : (2.18)

Some of the terms can still be simplified by using @V@Mlplp = —@Mlp@lp but still we
see that the most efficient way to simplify this expression is to impose the relation

(2.16), which is called the geodesic condition.

It is important to notice at this point that we do not need RLQ,,) =0 but
R?) < R(). (2.19)
When we impose the geodesic condition and simplify Rl(,%-) we obtain,
(2) le ¢ wip leg ¢ P, ]t
Ry = §vuval i1, + §Vugovpl ol*l,1,
1o = 1~ =
—5 V'Vl s + §v#1Av#lA¢¢lylo (2.20)
while the linear EOM is
m LS ool + 2, lalt + Sl + Tl
R = §V#V,,go o+ §VHV1, st + §v“vy ol + §V“VU¢ v
le = 1o = lo = lo =
+§V090Vul“l,, + §VMVUZV<,0Z" + évuwgzyw + EVUZVV,,ZP@
1~ -~ 1o = lo . =~ 1=
—|—§VMVUZ“QOZV + §VM<,0VUZ“ZV + §Vgl“vull,gp — QDgpll,la
- - - 1. -
=V, oVFELL =V oV, — QDll,(plU - VLV,
1= 1o = lo = 1l =
—§Dlag0ly + §VM<,0VVZ’*ZU + §VM<,0VVZUZM + ivavuz“za
1o = 1o =~
+§v,,zav,,zp<p + §V,,Z“Vulg<p, (2.21)
At this point it is straightforward to prove that
R = pliy)I’RL), (2.22)
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and therefore we have proved that the Kerr-Schild ansatz produce linear equations
in x, a very powerful result in GR. There are several famous solutions that can be
cast in the Kerr-Schild form: Schwarzschild, Kerr and Kerr-Newman black holes,
pp-waves solutions and Taub-Nut, for example, are common GR solutions that can

be cast in the Kerr-Schild form.

2.1.3 Killing Vectors and the Double Copy

We assume that the geometry admits one Killing vector £# such that the Lie deriva-

tive L¢ acting on an exact field vanishes,

LETmuzm... =0 (2.23)
where T}, ;... 1S an arbitrary tensor. Moreover we choose a coordinate system

where &* is covariantly constant, i.e.,

Vouév = V&) =0, (2.24)
and then condition (2.23) is

'V ou Ty pops.. = 0. (2.25)
We normalize the null vectors to satisfy,

e, =1. (2.26)

In order to obtain the single copy we first contract the linear equation of motion for

the metric tensor with &,
vp(l) _ leg & o le v IS
CRY = SVUVepl +5VepV,l
1 ~ ~ m 1 - - W 1 =
+§vuvgz ©+ EVMVJZ - EDsola

. 1~
~VupVHly = 500 = 0. (2.27)
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2.1.4 The Maxwell Equation Appears!

Let’s group the terms of the previous expression as

ERY = TVV(el,) — 20(¢l) = 0. (2.28)
Now we simply make the formal identification
A, = ol (2.29)
and we obtain

1~ - ~ 1~
ERY) = SVIVe(A) — 50(Ay) = 5 VI F, = 0. (2.30)

The previous equation proves that any solution to the vacuum Maxwell equation
can be translated to a gravitational Kerr-Schild background with an isometry, given

by the Killing vector &*.

In the next part, we will reverse the idea of the single copy. We will start from a
gauge theory (our examples will cover Maxwell, Yang-Mills and DFDF), and we will

obtain different formulations of gravity.

2.2 Part B: Off-shell Double Copy for Yang-Mills

Now we will reverse the logic of the last section and, more importantly, we will:

— extend the gauge theory to Yang-Mills.

— match the gauge theory with the gravitational theory at the level of the action.

The fundamental interactions in nature, as far as currently known, are described by
Yang—Mills gauge theories and, at first sight, gauge theory and gravitational theories
have actions with very different structures and their perturbative expansions behave
in very different ways. In particular, when general relativity is treated as a quan-
tum field theory and expanded perturbatively around flat space-time, the resulting

interactions are notoriously complicated and the theory is non-renormalizable. This
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stands in sharp contrast with Yang—Mills theory, whose perturbation theory is by

now well understood and under excellent theoretical control.

Despite these differences, remarkable evidence accumulated over the past decades
suggests that gauge theory and gravity may be far more closely related than their
Lagrangians initially suggest. One of the most striking manifestations of this rela-
tionship is the Bern—Carrasco—Johansson (BCJ) double copy, which expresses scat-
tering amplitudes in gravity as a kind of “square” of Yang—Mills amplitudes. The
key observation behind this construction is that Yang-Mills amplitudes can be re-
organized in a special way. In such a representation, the contributions associated
with the gauge group—known as color factors—appear on the same footing as the
purely kinematical numerator factors, which depend on momenta and polarization

data.

Remarkably, these kinematic numerators can be arranged to satisfy algebraic rela-
tions analogous to the Jacobi identities. This property is known as color—kinematics
duality. Once this duality is achieved, a simple but powerful operation becomes
possible: replacing the color factors by another copy of the kinematic numerators
produces scattering amplitudes in gravity. In other words, gravity amplitudes can
be obtained as an on-shell “double copy” of the gauge-theory building blocks. From
the traditional perspective of starting with the Einstein—Hilbert Lagrangian and ap-
plying textbook perturbation theory, the same gravity amplitudes are vastly more

complicated to compute.

Formal proofs of the double-copy construction exist at tree level, using several
complementary approaches. At loop level, while a general proof is still lacking, a
large body of evidence has accumulated through explicit constructions of multi-loop
amplitudes. The double copy is now a central element of the modern scattering-
amplitude program, which often departs from the traditional textbook formulation

of quantum field theory.

Because of this on-shell perspective, one might not expect the double copy to man-

ifest itself directly at the level of an action. Nevertheless, recent work suggests that
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such a formulation may indeed exist. In particular, in 2021 Hohm, Jaramillo-Diaz,
and Plefka (HJP) showed that it is possible to reproduce the full quadratic Ein-
stein-Hilbert Lagrangian, as well as a gauged version of the cubic action, within
a framework inspired by the double-copy structure. In this section we will review
these results and discuss how they provide a promising step toward understanding

the double copy directly at the level of field-theory actions.

2.2.1 HJP: Quadratic Theory

We start from the action for Yang-Mills theory in D dimensions,
_ 1 D ) i
SYM = _Z d-x /iw F F/W s (231)

where F,,' = 0,4, =0, A +gvm f1j1A7 A .. The quadratic order in fields action,

after integration by parts, is given by

1 o |
S = . / AP ki AP (DA, — 9,0"A7) . (2.32)

This action is the Maxwell action, so in principle, we will try to reverse the logic
of the previous section to try to obtain Einstein-Hilbert. In order to construct the

double copy map we need to pass to momentum space. Defining

Ai(k) = %;D 5 [ Paaiwpet (2.33)
Aj(z) = 27517 7 / dPkA, (k)e ™, (2.34)
the quadratic action can be written as
SR = —% /k APk K2 T (k) A, (k) A (k) | (2.35)
where
(k) = " — k;;];y . (2.36)

The only extra equation that you will need to explicitly prove the quadratic action

is
/ e )T — (90)P50) (1 4 p) (2.37)
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The operator II**") obeys the following identities:
I (k)k, =0, 11, = 11", . (2.38)

The first relation implies gauge invariance under
SA (k) = kN (k) , (2.39)

where the gauge parameter \'(k) is an arbitrary function. This transformation will
be soon related to linearized diffeomorphism in a suitable way, so the resulting

gravity theory will be invariant under linearized diffeomorphisms.

Let us now turn to the double copy construction: We will replace the color indices
a by a second set of spacetime indices denoted by a bar, ¢ — j, corresponding to a

second set of spacetime momenta k*:

AJ (k) — eua(k k). (2.40)
At first glance one might be tempted to identify the second set of spacetime indices
with the first one, but let’s keep it arbitrary, for the moment. Since the gauge
group is arbitrary, let’s assume that the dimension of the gauge group is adequate

to perform this identification.
To complete the double copy map at this order we need to define a substitution rule
for the Cartan-Killing metric ;5. Motivated by the YM x YM structure we choose:

1 - -
Kab — 51’1}“’(]{:)’ (241)

where IT#” is defined as in (2.36), but with all momenta replaced by barred momenta

and all indices replaced by barred indices.

The quadratic gravity action following from this double copy (DC) prescription then

reads

1 _ _ _
S = -3 /kk K2 TTM ()P (K Ye,n (—k, —k)eus (k, k) . (2.42)

Let’s observe that now the field e,; depends on doubled momenta K = (k,k).

Moreover, the momenta k and k enter the action on the same footing, except that
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we have chosen the factor in front to be k? rather than k2, but this asymmetry is

resolved with the level-matching constraint
k= k?, (2.43)

where two copies of the same flat space-time metric are used to take the square. In
order to lead to the Einstein-Hilbert action, we thus have to assume that the doubled
momenta are subject to this constraint (which does have more general solutions
than the trivial k£ = k for which the theory reduces to a standard linearized gravity
theory). We also note that, due to the first identity in (2.38), the action is manifestly
gauge invariant under

Seur = ko + ko, (2.44)
with two independent gauge parameters A\, and 5\,1 that depend on doubled momenta
K = (k, k), subject to (2.43). Here it is important to mention that we are not
obtaining the symmetry rule from the identification itself. We will comment on this

when we analyze the cubic contributions.

We will now show that (2.42) is indeed equivalent to linearized gravity. Writing out
the projectors with (2.36) and using the level-matching constraint (2.43) the action

reads

1 _ _
Sgé = —— /kl_C </€26’W6w7 — k'kPe,pe,” — KK e el s
) 1 -
+ Ek%%%aew%) . (2.45)

In order to compare with the standard Einstein-Hilbert action we have to Fourier
transform to (doubled) position space. This is straightforward except for the last
term in (2.45), which due to the factor % would yield a non-local term. This problem

is resolved by introducing an auxiliary scalar field ¢(k, k) (the dilaton):

1 _ _ —
Sgé B __/ <k‘2@Wew_/ - k“kpeuﬁepy - kykgeuﬁ@u5
kk

4
— k2% 4+ 2¢ k“l?ew> . (2.46)
Integrating out ¢ by solving its own field equations,
1 IR
¢ =k ke (2.47)
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and back-substituting into the action we recover the non-local (2.45). Alternatively,
without integrating out fields, one may redefine the dilaton as ¢ — ¢ = ¢ —
k%k“l%ﬁew, which decouples ¢’ from e,;. The action (2.46) is of course still gauge
invariant, with a gauge transformation for ¢ that is determined by the variation of
(2.47):

6 = k N + kA (2.48)

where we used (2.43). With the action in the form (2.46) it is then straightforward
to Fourier transform to a local action in doubled position space:
51(32()3 = % / dPx dDj(e“ﬂDew—, + e,y OPe,”
+ 8%, 07ty — ¢0¢ + 2¢8"(§Dewy>, (2.49)

where 0, = % and 5,1 = a% are the partial derivatives corresponding to the

coordinates that are dual to k* and k* and hence by (2.43) subject to the constraint

O=0"9,=0"0, . (2.50)
The gauge transformations (2.44) and (2.48) translate in doubled position space to

de ,7:8 Xp‘i‘él—,)\ y
v (2.51)
d¢p = O N + Op ",
under which (2.49) is invariant, modulo the constraint (2.50). The action (2.49)

defines precisely the standard quadratic Einstein-Hilbert action upon setting x = 7.

Let’s explicitly show it. Let’s remember the quadratic Einstein-Hilbert action,

1
Spoi o / A (RO + B (Gha™ = 7)) (2.52)

were o< means that we are omitting a minus global sign. Let’s compute the first

term from the previous Lagrangian considering

R, = 20,000 2T, 259
The contraction R((,Q,,)n"” gives
1 B v 1 1 QU 1 VA
—§h8 0"hyp + ZhDgh + §h,,a8)\8 h"* — Zh"’\Dh : (2.54)
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On the other hand, R(V?(%hn‘”’ — h) gives

1 1 1
Rf,?(§hﬁay i hcrll) — haﬁal’hyﬂ — §h|:|ﬂh — hyaa)\aahVA —+ éhl,)\DhV)\ (255)

The sum of the previous quantities gives the following Lagrangian,
1 1 1 1
Ly, = 51070 hys — ThOh — Shyadz0"h + ZhoOh™. (2.56)
We compare the previous Lagrangian with

1
=7 (e“”DeW + O, 8%, + e ety — 0 + 2¢8“8”6W>, (2.57)

where e, = h,,, and ¢ = h. Explicitly (and using partial integration),

1

2
-1

(POl = 2y 9071, — hOR + 2000 ). (2.58)

Therefore, we can see that the quadratic Einstein-Hilbert Lagrangian can be obtain
by considering the off-shell double copy prescription of Hohm, Jaramillo-Diaz and

Plefka. In the next section we will partially extend this results to cubic order.

2.2.2 HJP: Cubic (gauged-fixed) theory

We now turn to the cubic Yang-Mills theory and we will extend the double copy
construction to the cubic action of EH under a particular gauge fixing condition.

The cubic part of the Yang-Mills action (2.31) reads
S = —gvu / dPx fin " A AL AC (2.59)
Upon Fourier transforming to momentum space this becomes

3 9y M i
S0 = (oo [l o R A (260

where we use the short-hand notation A; = A(k;), and we performed the z-integration,

introducing the delta function. It is convenient to write this more symmetrically as

S = —%/k 8(ky + ko + ks) (2.61)

1,k2,k3

X fije VP (ky, ko, ks) A1, As? Az,
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where we defined
[P (ky, ko, k) = 0" Ky + 0Pk + 0™k, (2.62)

Our task now is to give the double copy prescription that extends (2.40), (2.41) to

the cubic theory. The natural substitution rule is

fabc — iﬁW(El’EQ,EE}) . (263)

Together with gy — %, this gives the cubic action

1
13(2m)DP2

X ﬁW<E17E27 E3) H#Vp(k17 k2) kg) elﬂﬁ €2vw GSpﬁ ’

S, — / dK dK,dKs 6(K + Ky + Ks)

where we use the short-hand notation e;,; = e,z(K;), with K = (k, k) for doubled
momenta, and dK = d?P K. Writing out I1*? and II#”? yields nine terms which,
upon relabeling momentum variables and indices, reduce to two terms, and then

writing out k;; = k; — k; the action becomes

1

(3) _
Sbc = 3PP

/ dK1dKydKs 6(Ky + K + Ks)

[t H _pp I 7P VI p P TH T op
X eluﬁ[ — ky eapp kg €5 + by eaypkges” + Ky ey kg ez + Ky By eg 5 €5

— ko, ebP kspel — Kb Eg eh? egpﬁ] : (2.64)

Fourier transforming to position space and integrating by parts, we finally obtain
1 L L I
S — < / dPx dPT e,y [20“% J'efP — 201e,; 0"’ — 200e? e
+ %€ 5 O e 4 05eM? 8pepﬁ] .
In the following we will prove that this action agrees precisely with the cubic
Einstein-Hilbert action upon imposing a gauge fixing condition. For simplicity,

we will use the TT gauge (9, = h = 0), so the HJP Lagrangian is given by
3 _1 a8 1 8o
L = 10" hos0* Wby = 50" hys0h* By (2.65)
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The full cubic EH Lagrangian is given by

L = 207 hosh, "B — Ohozhy, W + 207 B, % 0, hgyh™
F0u P R R — Dy hpo B 1P — 07 R Dby h
0" Ry hig D — 8y hh2RY — 0,00 hyoh?”
—0"hd,h,oh?7 — zah"”@hwhﬂ - gal’h%&,hwh%
+%8”h81,hpgh’” + i@uh&,hh“” + %a”haaghmm*
+0"h ., Ozhyoh ™ — 0 yhy,e hhP7 - %thhh”"
—%a“hVUaAth + %am,hhh*“’ + %a”haahwh
+§a"h“ayhﬂh - é@”hayhh - ia”h‘”a,hwh

+%8“"hwh2 — éDhiﬂ — %la”ffhw,h%mA

+}1thpahp" (2.66)

and in the TT-gauge the previous expression simplifies and we obtain
¥ = 10“ O*hPPh 18’% O°h"h 1Dh" RA
EH — 4 g0 D" Py — o7 B R e — 4 Ahox : (2.67)

We can see an extra term in the Einstein-Hilbert Lagrangian, proportial to the

linearized Ricci scalar
1 o YA 1 1o YA
_ZDh ,yha/\h — ZR ,yhg)\h . (268)
Since the quadratic Lagrangian is given by
L), = RWn (2.69)

we can eliminate all the cubic terms proportional to the linearized Ricci tensor by
using a redefinition in the perturbation. Therefore, using the TT-gauge, we can
explicitly prove the equivalence between Einstein-Hilbert and Yang-Mills (using the

off-shell double copy map) up to cubic order in perturbations.

In the next section we will use the same HJP technique, but our starting point will
be a higher-derivative theory (DFDF) which its double copy map is related to Weyl
gravity.
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2.3 Part C: Off-shell double copy for DFDF
2.3.1 LMR: Quadratic theory

Now we proceed to study the DFDF theory under the off-shell double copy pre-
scription. It was demonstrated that, at the level of amplitudes, the double copy
of

L= %nabDHFWDpFPVb, (2.70)

its related to Weyl gravity. The main idea of this section is to explore if this resulting
double copy presents a structure that can be interpreted from the double geometry

framework and in an off-shell program.

Considering the gauge covariant derivative defined as
DpF;M/a = 0pF/u/a + gYMfabcApr/u/c' (271)

The expansion of the action (2.70) up to quadratic terms and its subsequent inte-

gration by parts becomes
2 1 u ,
Siip = 3 /dDﬂ?/fabDA“ (OA," —9,0"A,0) . (2.72)

This expression is interesting because it contains the quadratic expansion of the

pure Yang-Mills action. Going to momentum space it becomes
1
B =3 / boap K T () A, (k) A, () | (2.73)
k

After imposing the double copy relations (2.40) and (2.41) on the previous action,

we obtain

1 _
SI(-IQI))/DC - _Z /k]} k4 Huy(k)nuu(k)euﬂ(_k’ —k’)e,,,;(k, k)’ (2'74)

which, not surprisingly, takes the same form as the Yang-Mills case except for the ad-
ditional k% contribution. However, this additional contribution avoids the emergence

of non-local terms in the action as we can observe after expanding the projectors
(2) _ 1 2( 12 v D
SHD/DC =7 /kk k </~c eeu; — kK'EPeype,”

o 1 —
— B e ety + ﬁk“k”k"k”ewe,ﬁ) , (2.75)
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and hence the introduction of auxiliary fields is not necessary. Transforming the
last expression to doubled position space we find the following higher-derivative

contributions
1 i —
51(12]%/[)0 - 4_1 /dD:L‘dDj [DQWDGW _ De””ﬁﬂapepﬁ
—0e0,0%eus + 0107 €us0° 0y | (2.76)

This action can be understood as a higher-derivative extension of DFT with con-
formal symmetry in the double space (in a classical sense). To clarify this point,
we are going to explore the conformal gravity action up to quadratic order for

9w = N + hyw; We obtain

D -3
SéQC)} m /le‘ [(DhWDhW — 2Dh“”0,ﬁ”hpy
1
+ 00 hy 00,y ) — & (Oh - D, 0,hH )2 (2.77)

The second term in (2.77) can be removed by imposing a particular gauge fixing
condition Oh = 9,0,h*", related to dilatation symmetry 0h,, = —2Apn,,. It is
straightforward to prove that, after setting = z and properly rescaling the metric
(and/or considering a particular volume for the double space when we integrate),

in the pure gravity case (e,» ~ h,,) the action (2.83) reduces to (2.77).

While so far the results are promising, we would like to obtain the full quadratic
action beyond any gauge fixing condition. In order to address this limitation we
will couple a charged scalar field to the initial gauge theory. The full gauge model

that we will consider is given by
L = a1kapD "D, F?," + a;k* Do D ¢
+a3fach,uVaFu>\bF)\“C + a40aab¢anuaF'uyb
+asd™™ Gadady | (2.78)
where the q; are real coefficients to be determined. The scalar field transforms

under the action of the same gauge group but in the real representation, denoted by

color indices «, 3,..., and it is allowed to interact with the gauge field A,*. This
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model is related to the DC of Weyl gravity at the level of scattering amplitudes.
The coefficients C,q play the role of Clebsch—Gordan coefficients, mediating the
coupling between the scalar and the gauge sector, while d,gs, is a totally symmetric

tensor. These objects are inplicitly defined through the relations

Caabcacd — facefebd + fadefecb ’

Caabdaﬁ'y — (T}%)ﬂa(Tg)a’y + CBaCC'ycb + (CZ o b),
which ensure consistency with the gauge symmetry and determine the structure of
the interactions in terms of the underlying group theory. Starting from the theory

proposed in (2.78), the only source of quadratic contributions comes from the kinetic

terms of the two fundamental fields. Specifically, we have:
LP = da1#,40,0" A0 9, A" + aak®P0,0,0" b5 . (2.79)
We integrate by parts and then transform this action into momentum space, yielding:
S = — / APk [ayk ko T (k) A, (k) A% (— )
task® kP o (k) ps(—k)] - (2.80)

At this stage, it is necessary to identify the objects associated with the kinetic term

of the scalar field to complete the DC prescription for our model. This leads to

ba(k) — ke (k, k) — E"®(k, k), (2.81)
kaks
P — % (2.82)

where ®(k, k) is the original scalar field incorporated by HJP. The identification
of the scalar field is strongly indicated by the missing quadratic terms which are
essential to completing the quadratic contributions of conformal gravity without

relying on a specific gauge.

The quadratic DC Lagrangian, after performing all the identifications, is given by

1
2
G0, ey + O F ey )

51()2% /dDa:dDi; [a1 (O’ Oe,; — Oet0,0%€

—2a5 (8, 0,¢"" — chﬂ . (2.83)
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This action now includes new contributions coming from the DC of the scalar field
®o. We consider then the pure gravity limit, which demands to identify the coordi-

nates x and . The previous action becomes

2 1 v v
S@ = -3 / de[al (Oh*Ohy, — 200 0,0°h,,

+ authWapaAhm) — 2ay (Oh — 8/18'/}#“/)2} )

which present the same structure that the quadratic contributions of the Weyl grav-
ity action. In fact, if we demand both actions to be the same, the coefficients a;, as

are fixed as

D —2
a = _(01—1) (g:g) : (2.85)

It is notable, though expected, that the action vanishes in D = 3, as in three

a = -2 (E) (2.84)

dimensions, the Weyl tensor is identically zero. The new result presented here is
the emergence of terms with a non-zero coefficient as, which arise from the scalar

field dynamics.

2.3.2 LR: Cubic theory

Once the quadratic contributions of our model have been obtained and the coeffi-
cients a; and ay have been calculated, ensuring that, in the pure gravity limit, the
model reduces to Weyl gravity, we are ready to proceed with the calculation of the

cubic theory. Now, we will use the full Lagrangian introduced in (2.78)

L = kgD, F*""D,F"," + as6°° Do D" 5
+a3fachpyaF1/)\bF)\“c + a40aab¢aF,u1/aF'uyb

+asd™ G dgd- . (2.86)

In this Lagrangian, f.. are the structure constants of the gauge algebra, correspond-

ing to the adjoint representation in which the gauge field A, transforms. The scalar
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field ¢“ is charged under a real representation R of the gauge group, whose genera-
tors are denoted by (T2)*?, and are assumed to be real and antisymmetric in its last
two indices. The indices «, 8,y corresponds to the real representation of the gauge
group and they have their own Cartan-Killing metric x,5. The gauge generators

satisfy

[Tava] - ifabCTca (287)
1
{Te. T} = Foa +daT, (2.88)

while the trace of three generators is given by

1
Tl”(TaTbTC) = Z(dabc + Z'fabc) . (289)

The interaction terms involving the scalar field introduce additional group-theoretic
tensors. The coefficients C,,p play the role of Clebsch—Gordan coefficients, medi-
ating the coupling between the scalar and the gauge sector, while d.g, is a totally
symmetric structure constant. These objects are inplicitly defined through the re-

lations
Caabc«acd — facefebd + fadefed),
Cd™P = (T)PYTE)SY + CP*.CT + (a > 1),
which ensure consistency with the gauge symmetry and determine the structure of

the interactions in terms of the underlying group theory.
The gauge covariant derivatives are defined as
DpF/u/a = apFw/a + gfabcApr/u/c>
Dyo® = 0.9% — iQ(Tﬁ)aﬁAua%v
with the Yang-Mills curvature defined in the standard way F,,* = 20,A4,)" +
gfabcAubAuc-

Our goal in this section is to construct the gravitational cubic contributions arising

from the DC prescription of this model, determining the remaining coefficients ag,
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a4, and as in the same way as we did for the quadratic terms. While analyzing the
full Lagrangian is a very ambitious task, we will focus on the case with vanishing

generalized dilaton
1

Dk k) = -

K'kpe,” = 0. (2.90)

To construct a minimal proposal for the cubic Lagrangian of CDFT, we identify the

following quantities

Jabe — zZ—‘j (" K7y 4+ 0" kas™ + kY, (2.91)
Coay — k0" (2.92)
(TR) Apa = iwymp(k, k), (2.93)
dogy — k%k§“k;k§), (2.94)

where k;; = k; — k;. In (2.93) w,p; illustrates a natural correspondence between a
gauge connection and a spin connection for the generalized vielbein. In the above
identifications, the only object requiring an additional coefficient to fix its cubic
contributions is fu.. In this case, the coefficient a; is inherited from the cubic
contribution of the DF DF' term, which needs to be canceled. The identifications
(2.91)-(2.94) can be further extended to a more general form in agreement with
the index constrains that every object carries, which it would be convenient in a
more general set up thanks to extra coefficients. For our proposes we will show that
these identifications are enough to reproduce Weyl gravity in a particular (pure
gravitational) limit.

1is well

We observe that the Weyl tensor is non-trivial in D > 3 and therefore a;
defined. The identification (2.91) follows the same structure as in HJP, but the in-
clusion of the o coefficients introduces a global factor in this identification, which is
crucial for reproducing Weyl gravity in arbitrary dimensions, as we will demonstrate

in the next part of this section.
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The minimal cubic DC Lagrangian with & = 0 is given by
S§é|¢:0 = /de dDa’c(—%s) [Da"é&ewe“ﬁep(—, — D(’;&ewa”e“f’em—, + D356u98“6”96p§ — D(E)ae#,;e’”?a“epa.
—Deu,;a“é&e”’jepa + De#géﬁe”’jc’?“em—, - 8“8”8>‘556“,;ep’76,\5 + 3“8”566#1—,8’\%56)\5
—0PN% e,p0" e, erg + PO eppe,” Mers + 070 e, 0" 0%, ens — 0707 e,,0%," O ers
—59565R3peupeugepg + 59565R6“173p6'u§€p,§ + 5956(2”;5'?”3"6"56% - 5956€M95R6p5—a#6p7¢]
+a2808A6>\€W§1g)7:6€€€‘F + 3as [8ue”ﬁ858,je>‘58,\e“g — 8Me”ﬁ&,e)‘g858,\e“€]
—3a3 [0,0:"70,e* 50" ex® — 0,e"P0:0,¢* ;0" ex ] — 3as (0,670, 0,e " ' exs — 0,,€"P0,, e "D 5ers]
—3as [aue”ﬁ@,,ekga“age)\p - (3“856”’38,,6)‘58“6)\5] + a43g86€6ﬂ5[g€>\}'75’\609 ) (2.95)

where the notation w&?,; refers to the first order perturbation of the connection. It
is possible to see that the Lagrangian (2.78) produces terms proportional to the
generalized dilaton associated to the coefficient as, and therefore this coefficient
does not appear in this Lagrangian. To determine the remaining coefficients, we

will compare (2.95) with the cubic contributions of Weyl gravity.

We will perform this analysis under the assumption of a vanishing wave equation
Oh, = 0 and the traceless condition & = 0. Given these conditions, the gener-
alized dilaton will not contribute to the gravitational terms after parametrization.
Furthermore, our method cannot fix the coefficient as, as its contributions depend

solely on the generalized dilaton, which vanishes in this case.

In the next section, we will demonstrate that this method is sufficiently robust to

uniquely determine the coefficients as, as and ag.

2.3.3 Fixing the coefficients when ® =0

The cubic contributions for Weyl gravity are given by
Hrp HpAT v HVPA

Ste = / Pz thm ZNCOmes —gppe et cMedr yoc® cWmedl - (2.96)

Imposing the conditions

Ohy =h =0, (2.97)

which are fully compatible with & = 0, and performing a series of integrations by

parts with the help of CADABRA, the cubic Lagrangian can be reduced to the
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following two contributions,
L® = f(D)0;0xh0" hye0ch®
+9(D)0,0,h" DsO\h7h** | (2.98)

where
—2(D — 3)(11D + 15)
5D—2)(D—1)
9(D) = (553’)2(??5:5)) . (2.99)

As before, we find that D = 3 is the only physically meaningful root of both f(D)

and g(D), consistent with the physical interpretation of the Weyl tensor. When the
double conformal model (2.95) is parametrized and restricted to the pure gravita-

tional limit, it takes the following form
L= (5 +3a)003h™0 b0
15
+Za6ﬁuﬁah“5858,\h“h5’\
+(—ag + %)8u8€h“eaohA,,8”h“) . (2.100)

Therefore, the coefficients are uniquely fixed as

1 1

a3 = —39(D) = 5 (D), (2.101)

ay = 2ag = —g(D) . (2.102)

Eg
The preceding identifications determine the double action (2.95), which represents
the full cubic CDFT with a vanishing generalized dilaton. In (2.102), we observe the
necessity of the ag coefficient in identifying the structure constants. Additionally,

we note that both the F'® term and the interaction term between the gauge field

and the scalar field are essential for reproducing Weyl gravity in this limit.

2.4 Exercices

2.4.1 Part A

1. Consider the relaxed form of the Kerr-Schild ansatz with a null vector [*, but

without imposing the geodesic equation. Prove that the connection is shifted by a
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tensor, by explicitly obtaining the tensor I'/,.

2. Prove that in the relaxed form of the Kerr-Schild de Ricci tensor contains cubic
contributions which are non-vanishing, but the cubic contributions of the Ricci

scalar.
3. Prove that the quadratic terms in the EOM are proportional to the linear terms,
ie.,
(2) _ p 1)
Ryo = (,OZ(U‘Z Rp‘y).
This is a nice proof for using CADABRA. Check appendix C for some hints with
the code.

4. Let’s explore the family of gravitational solutions that can be obtained by
considering a relaxed Kerr-Schild ansatz (null condition) but also satisfying V¥ = 0
and "V, = 0, which is stronger than geodesic condition. Find the explicit form

of the linear equation of motion contracted with the Killing vector.

5. One example of the previous family of solutions is the pp-wave in Brinkmann
(light-cone) coordinates (u, v, z,y) where the propagation is in the v direction and

the full metric is
ds® = 2dudv + dz* + dy? + o (u, v, y)du’ .

The first three terms are a Minkowski metric (constant background) and its inverse

metric, " has the following non-vanishing components:
77uv — nvu — 17 nxw — nyy —1.

Using I* = (0,1,0,0) and I, = (1,0,0,0), prove that the equation of motion con-

tracted with the Killing vector reduces to a 2D Laplace equation,
PRo+d2p=0. (2.103)

6. Find the condition that a Kerr-Schild solution requires to satisfy F? = 0 after

imposing the single copy map. Does the pp-wave satisfy this condition?
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2.4.2 Part B

1. Show that the quadratic YM action can be written as

1 . .
s&&::-—5L/“demUkPIPW<k»4;<—k>4w<k>,
k

in momentum space.

2. Expand the double copy action

1 o _ _
Sg()} T /kk k2 T (KT (ke (—k, —k)eys (K, k)

and transform it back to configuration space to finally obtain (2.45).

3. Let’s include an extra scalar field in the identification of ¢. In other words,
use ¢ = h+ ap (a arbitrary) and show that the quadratic double copy procedure of
HJP produce a cinetic term for the new scalar field ¢ if we impose the TT-gauge at

this order.

4. While the natural identification for the structure constant is the 3-vertex oper-

ator,

fae = AT (R, kg, ks) - (2.104)

there are other possibilities for this identification. Assign arbitrary coefficients to

them and construct the most general identification for the structure constant.

5. Prove that it is possible to match cubic Einstein-Hilbert from cubic Yang-Mills
by imposing the double copy map and the Harmonic gauge.

2.4.3 Part C

1. Show that the quadratic DFDF action can be written as

1

S = =5 [ Kk (A (-R)ALE)
k

in momentum space.

2. Expand the double copy action

and transform it back to configuration space to finally obtain (2.83).
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3. Let’s include an extra scalar field in the identification of ®. In other words, use
¢ = h + ayp (a arbitrary) and show kind of higher-derivative Lagrangian produces
the quadratic double copy procedure of LR.

4. While the natural identification for the symmetric structure constant is given
by,
Ry (2.105)

there are other possibilities for this identification. Assign arbitrary coefficients to
them and construct the most general identification for the symmetric structure

constant.
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3 Lecture 3: T-duality Invariant Frameworks and

Their Relation to the Single and Double Copy

The idea of these lectures is to show the formal bridge that exist between gauge
theories and gravitational theories. In the lecture II, part A, we use the Kerr-Schild
ansatz in Einstein-Hilbert gravity and after multiplying by a particular killing vec-
tor, we manage to obtain the Maxwell equation. In lecture II part B, we reverse the
logic, and starting by Maxwell (quadratic Yang-Mills) we obtain quadratic Einstein-
Hilbert gravity in its TT-gauge form, and starting from cubic Yang-Mills we ob-

tained cubic Einstein-Hilbert under the same gauge. However, behind the double
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copy map there is more than gravity. There is matter. In this section we will show

that

1 1
—ZTr / (F,, F*) @3 / V—9(R +40,¢0"p — EHWHWP)@?’) (3.1)

where ¢ and H,,, can be interpreted as matter fields. Particularly, ¢ is a scalar field
called "the dilaton” and H,,, is the curvature of the two-form b,, = —b,, (called

the Kalb-Ramond field) defined as
H,p = 30by,) - (3.2)

The previous action can be obtained as the low energy limit of close string theory,
and it is known as the NSNS supergravity (even if there are no fermions involved,
we call it supergravity). In the next parts we will explore this theory, its T-duality

rewriting and its relation to the single and double copy program.

3.1 Part A: Introduction to supergravity
3.1.1 Action principle

The low-energy effective action depends on the string formulation under considera-
tion. The superstrings (type II A or type II B) contain bosons and fermions in their
spectrum and this is the main difference with respect to the bosonic string that only
contains bosons. Schematically, both type-II effective Lagrangians can be written

as,
Liype-11 = Lns—~ns + Lr-r + Lns-r + Lr-ns - (3.3)

The first term, Lns_ns , encodes the dynamics of the full Lagrangian that we have
described perturbatively in (3.1) for D = 10 (critical dimension). The second term
of (3.3), Lr_g, describes the dynamics of a 1-form C; and a 3-form Cj for type
ITA superstring and a zero-form Cj, a two form Cy and a four-form Cj for type I1B
superstring. Both Lys_ns and Lg_r are bosonic Lagrangians, meaning that they

depend on bosonic quantities. On the other hand, both Lys_r and Lgr_ns depend

4



on fermionic degrees of freedom, related to the bosonic spectrum through N = 2
supersymmetry. The Lagrangian (3.3) is our first (and last) example of a truly
supergravity Lagrangian, since it contains a dynamical metric tensor and fermionic
degrees of freedom, both of them related by supersymmetry. Indeed, the low energy
limit of all superstring theory formulations is given by a supergravity. Furthermore,
supergravity theories in arbitrary dimensions can be studied independently of string
theory. It turns out that the first higher-derivative corrections for the type II su-
perstrings consist of eight-derivative terms (for example Riem?), so neither o/ nor

a'? corrections are present in this theory.

Last but not least, we present heterotic string theory. This string is a hybrid formu-
lation. To construct it we have to consider a left-right decomposition for the closed
string oscillation. This is analogous to a travelling wave decomposition, where left
and right are the directions of propagation of the waves on the closed string. The
heterotic string contains a D = 26 bosonic string formulation on its left part, com-
patified on a 16-dimensional torus (for dimensional consistency), and a D = 10
superstring formulation on its right side. The 10-dimensional bosonic and massless
degrees of freedom are a metric tensor, a 2-form, a dilaton and a non-Abelian gauge
field A,;. The index 7 is a gauge index that runs from 1, ..., n with n the dimension

of the gauge group, Fs x Eg or SO(32), depending on the heterotic formulation.

This superstring theory is invariant under A/ = 1 supersymmetry so it contains
fermionic degrees of freedom besides the former fields. The effective action is given

by a heterotic supergravity,
1 - = 1 A
Shet = /del?v —96_2¢(R + 48M¢8“¢ - EHuuprp - ZF,UVZFMVZ' + Lf) ) (3-4)
where L; are two-derivative fermionic terms and?
' =20,A," — fad AL, (3.5)

is the gauge field curvature. In the previous expression gauge indices are con-

tracted using a constant Cartan-Killing metric r;; with inverse k. The first higher-

2We use the convention T = %(TW —T,,) and T{,,) = %(T;w +Top).
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derivative correction to this action principle is a correction of order o'. We will

discuss the form of these terms in the next section.

An important difference with respect to the previous formulations is that the cur-

vature of the b-field contains extra terms,

HWP =3 (8[ubl/p] -CY ) ) (3.6)

Kvp

where C'Wp is a so-called Chern-Simons 3-form, defined as

1
Cl) = A0, Ay — 3 fiinAL AT AR (3.7)

prp ptrvitp

The inclusion of these extra contributions will be clear when we inspect the invari-

ance of the action.

3.1.2 Symmetry transformations in bosonic/type II supergravity

Here we discuss the symmetry rules which leave the universal action invariant,

/ dPx\/—ge **(R + 40,00" ¢ — ! HWpHW”) (3.8)

This action is common to all close string formulations, and it is invariant under:

— Infinitesimal diffeomorphisms: The fundamental fields transform as 3

559#!/ = Legu = fp(apgul/) + Q(a(ugp)grw) ) (3'9)
Ocbpy = Lebu = gp(apbw/) + 2(8[“8”)1),31,} ) (3.10)
ocp = Lep =E7(0,9) . (3.11)

Each term of the Lagrangian

1
L=e(R+40,00"¢ — EHWHW) (3.12)

transforms as a scalar (with w = 0). Then the universal action (3.8) is invariant

up to total derivatives.

3We use the convention that contracted indices are not part of the (anti-)symmetrizers.
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— Abelian gauge transformations: This transformation only acts on the b-field
due to its 2-form nature,

Ochuy = 204,607 , (3.13)

where ( is an arbitrary parameter. Since
5CHWP = 38[#(6bw]) = Ga[u(&fgp}) =0, (3-14)

the Lagrangian (3.12) is gauge invariant.

3.1.3 Symmetry transformations in heterotic supergravity

The low-energy heterotic effective Lagrangian,
—2¢ 1 - [TV 1 7 v
Lhet =€ (R + 4(%@9“(1) - EHMV)\H“ — ZFNV F* 2) s (315)

is invariant under the symmetries previously described since A,; transforms as

a 1-form under infinitesimal diffeomorphisms, i.e.,
5§Aui = LfAui = fp(apAm’) + (au§p>Api7 (3'16)

and is invariant under Abelian gauge transformations. The Lagrangian (3.15)

is also invariant under non-Abelian gauge transformations.

— Non-Abelian gauge transformations: The non-Abelian gauge transforma-

tions act on A,; and b, in the following way,
A, = 0N+ [aNAL, (3.17)
b = —(OpA\)Au, (3.18)

where A is an arbitrary parameter. Considering an arbitrary gauge vector ',
the partial derivative of this vector is not covariant and we need to define a

covariant derivative for this symmetry in the following way,
V' =00 — fl A ok (3.19)

Here we use the same notation V for the gauge covariant derivative as in the first

lecture, so our convention is that V covariantizes the derivative of an object with
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respect to all the symmetries that the object transforms under. On the other

hand, F),,; transforms covariantly under non-Abelian gauge transformations
5/\F;u/i = fijk)\jFul/k ) (320)

unlike A,; whose transformation is not covariant due to the presence of the 9,\’
term. Moreover, we need dH,,,,, = 0 to ensure the non-Abelian gauge invariance
of the effective action. Now it is clear the importance of the Chern-Simons terms

in (3.6),

0\C'9) = 0, (A, O\) . (3.21)

uvp

The previous transformation exactly cancels the 30),(0\b,,) contribution and

therefore (3.4) is non-Abelian gauge invariant.

3.1.4 Introduction to Double field theory

As we mentioned in the previous lecture, the different formulations of string
theory are defined on a D-dimensional manifold. From a phenomenological
point of view, this D-dimensional target space is often divided into an external

non-compact space-time Mp_y and an internal compact space My,
MD:MD_NXMN, (322)

where the simplest case is to consider an internal toroidal manifold. In this
scenario, the resulting theory is invariant under different symmetries. One of
these symmetries is T-duality or, more precisely, O(N, N) invariance. This
symmetry group appears after compactifying the universal NS-NS sector on a
N-dimensional torus and it is an exact symmetry of string theory.

The main idea of double field theory (DFT) is to rewrite a supergravity theory
as a T-duality invariant theory before compactification. In this sense, DFT
represents an O(D, D) invariant theory, where D is the dimension of the target
space of the embedded supergravity. All the DFT fields and parameters are

O(D, D) multiplets or, in other words, covariant objects. DFT coordinates lie
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in the fundamental representation of O(D, D) whose dimension is 2D. Then
XM = (z,,z") are coordinates of a double space. Here x# are the coordinates
of the embedded supergravity, and &, are D extra coordinates that we need for
consistency. The dual coordinates are taken away considering that fields and
parameters depend only on 2# and therefore @ = 0. This is, in fact, the simplest

solution to the “strong constraint”,
O (0Mx) = (Op%)(0M*) = 0, (3.23)

where * means a product of arbitrary DFT fields/parameters. Contractions
here are given by the O(D, D) invariant metric, ny -
The DFT construction can be performed following four steps,

1. Double geometry: We consider a double geometry with coordinates XM
with M =0,...,2D —1. We equip a group invariant metric 1y, and its inverse
™~ These metrics are used to lower and raise double curved indices. On each
point of the double space we consider a double tangent space, so we are able
to define flat vectors V4, with A a flat index, A = 0,...,2D — 1. Then we
consider two additional invariant and flat metrics nap and ‘H4p. The former is
used to lower flat indices and both of them are used to construct the following

flat projectors,

1 — 1
Pip = 3 (nap —Hap), Pap= 5 (nap + Hag) (3.24)

which satisfy

R _B —
PapP ¢ = Pyc, PypPPc = Pac,

—B — _
PapP ¢ =PagPPc =0, Pap+ Pap =145 (3.25)

Thus, P and P project onto complementary orthogonal subspaces and we can

write any arbitrary vector as
VA= pAVE L PVB = vA L VA (3.26)

The notation underline and overline means that we use the projectors to lower /raise

the indices, instead of using an invariant metric.
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2. Symmetries: DFT is a T-duality invariant formulation. Moreover, all the
fields and parameters are written in representations of the duality group and,
subsequently, duality invariance is always guaranteed. Infinitesimal O(D, D)

transformations acting on an arbitrary double vector reads
SpVM = VNpM (3.27)

where h € o(D, D) * is an arbitrary parameter.
We can also define generalized diffeomorphisms. These are infinitesimal trans-
formations acting on a generic double vector V™ through a generalized Lie

derivative, i.e.,

§VM = LVM = NNV + (0MEp — pEM )V + wonEN VML (3.28)

In the previous expression we consider a generic parameter fM and a density
weight factor w. The generalized Lie derivative differs from the ordinary one
since we need to ensure Lgnyy = 0. The closure of the generalized diffeomor-

phism transformations on an arbitrary generalized tensor VM y,

[551 ’ 552] VM =6, Vi, (3.29)

is provided by the C-bracket,

&Y 1.p0p

—_— P _
o ot o, —(1e2). (3.30)

M cpP
512 - §1

An important comment here is that the closure of the generalized diffeomor-
phisms requires the strong constraint (3.23).
The partial derivative of a generic double vector does not transform as a tensor.

Therefore we define a covariant derivative as follows

Dy VN =0y VY — Ty N pVE. (3.31)
The compatibility Dymyp = 0 implies I'y;nvp = —'ypy. It is usual to impose
Tunpe = 3l wne =0, (3.32)

4We use the lower-case because h belongs to the associated algebra.
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since Tynvp plays the role of generalized torsion. A curious aspect of the double
geometry is that there are not enough compatibility conditions to fully deter-
mine ',y p, unlike in general relativity. Consequently, the generalized Riemann
tensor cannot be fully determined but, nevertheless, a generalized Ricci tensor
Ran can be constructed as well as a generalized Ricci scalar R, and these are
fully determined in terms of the fundamental fields of DFT.

Another symmetry of DFT is the double Lorentz transformation that acts in

the following way,
SAVA=VBARH, (3.33)

on an arbitrary flat vector V4. Demanding danap = 0 we have Ayp = —Aga.
Moreover, using the decomposition/notation (3.26), the condition o, Hap = 0

implies

The partial derivative of an arbitrary flat vector V4 does not transform as a

tensor and therefore we introduce a flat covariant derivative,
Dy VA =0y VA — Wy AsVP, (3.35)

where Wyyap = —Wirpa is the generalized spin connection. Imposing compat-

ibility with the generalized frame we find that Wy, 45 is not fully determined.
3. Fundamental fields: The fundamental fields of DFT are a generalized

frame Epa(X) = Eya and a generalized dilaton d(X) = d. The former is

equivalent to a vielbein for this double geometry and satisfies
EvaH"PEng = Hun, (3.36)
Evan’Exg = nun- (3.37)

DFT can be written in terms of d and H sy, the latter known as the generalized
metric. In this case, the double Lorentz invariance is implicit. The generalized

metric is an O(D, D) element, i.e.

Haren YHon = nun (3.38)
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and with the help of this dynamical metric and 7,y one can define curved

projectors,
1 — 1
Pyn = 5 (mun —Hun),  Pun= 5 (M +Huw) - (3.39)
The previous projectors satisfy
PP —P Q. —
PryoP N = Pun, PygP~¥ N = Pyn,
PPy = PP =0, Pyy+Puy=nuyx,  (3.40)

similar to the flat projectors. The main difference here is that Py and P 45 are
constants, while the curved ones are not for an arbitrary double background.
The fundamental fields transform with respect to generalized diffeomorphisms
and double Lorentz transformations as follows,

557AEMA = ,CEEMA+EMBABA, (3.41)

~

Opd = gNaNd—%aMéM. (3.42)

The generalized dilaton is a double Lorentz invariant, and its transformation
under generalized diffeomorphisms is not covariant. However e~2¢ transforms
as a generalized scalar density with w = 1. On the other hand, both E,;4 and

Harn satisfy compatibility conditions
DyHyp = 0, DyEnp=0. (3.43)

The generalized fluxes are defined as
Fape = 3EEY gEycy (3.44)

with B4 = v2EM 40y;. Tt is possible to determine the totally antisymmetric

part of the spin connection, Wagc = V2WaysoEM 4, in the following way
Fape = =3Wiagpcy - (3.45)

Finally, it is convenient to define

1

Fyas = EEMQFQE, (3.46)
1 —

Friag = EEMCF@@, (3.47)
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for later use. The transformation rule of the previous objects is

Se sFaas = LeFyap + Oubap + 2FyomA s, (3.48)

Oe aFrtap = LeFrap + 0yMas + 2F oA 4 - (3.49)
4. Action principle: The action of DFT is given by
/ d*PXe M R(E,d), (3.50)

where R(FE, d) is a two derivative scalar under generalized diffeomorphisms and
it is invariant under Lorentz transformations. This object is known as the

generalized Ricci scalar, and can be written in terms of the generalized fluxes
7],

1 1 =
R(d,Epa) = 2EAFA+ FAFA — G wpo FABC éincFAE, (3.51)

where Fy = V20MEy;4 — 2F4d.

3.1.5 Heterotic/gauged double field theory

The duality group of the heterotic/gauged formulation of DFT is O(D, D + n)
with n the dimension of the gauge group. Since this group differs from O(D, D),
the construction described in the previous part requires the following substantial

modifications:

1. Double geometry: We consider a double geometry with coordinates
XM= (z,,2" 2") with M =0,...,2D—1+nandi=1,...,n. On each point
of the extended double space we consider an extended double tangent space, so

we are able to define flat vectors V4, with A a flat index, A =0,...,2D—14n.

2. Symmetries: The generalized diffeomorphisms now contain an extra term

that depends on generalized structure constants finp,
0V M = LM = ENONVM 4 (0MEp — 0pEMYVT 4 fMupEN VT win € VMB.52)

where VM is an arbitrary double vector. The structure constants are fully

antisymmetric and satisfy a Jacobi rule,

fawve = fimwer fon X frre =0. (3.53)
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The closure of the transformations is given by a deformed bracket
61, &1{8,) = 260 0p8s — S oM Egn + fro™METER, (3.54)

which reduces to the C-bracket when the structure constants vanish. Interest-
ingly enough, the closure requires the strong constraint (3.23) plus an extra

constraint,
fMj\/‘paM* =0. (355)

We solve the new constraint considering that the generalized structure constants
are non-vanishing only when M, N, P =i, j, k, i.e. fanp = fije, and 0; = 0.
The covariant derivative (3.31) remains unchanged, but I' y(zp receives an extra

term in its transformation rule

0L pnp = 5§ngaugedFM/w> + fnorOmé?, (3.56)

where the explicit form of the first term corresponds to an exercise. On the
other hand, the double Lorentz symmetry remains unchanged.

3. Fundamental fields: The fundamental fields of heterotic/gauged DFT
are a generalized frame F\*(X) and a generalized dilaton d(X). The only
modification at this point is related to the construction of the generalized fluxes

Fpc, that now contain an extra term
Fase = 3EAEMsEpme) + V2 fanp EMAEN s ET ¢ (3.57)

Similarly to the heterotic supergravity case we assume that fuinp has the same

units as derivatives.

4. Action principle: The action of heterotic/gauged DFT is given by
/ d*PT X e M R(E, d), (3.58)

where R(E,d) is a two derivative scalar under (3.52) and it is invariant under
Lorentz transformations. This action principle now contains fyp contribu-
tions provided by the generalized fluxes (3.57) and, schematically, R has the

same form as (3.51) but promoting the indices A — A.
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3.1.6 Parametrization

Here we present the parametrization of the different parameters, metrics and
fields of heterotic/gauged DFT. The parametrization of the ungauged DFT is a
particular case of this one. We follow the same structure of the previous part,
step by step.

1. Double geometry: The parametrization of the coordinates is XM =
(Z,, 2", 2"). Since we solve the strong constraint using or = 9; = 0, the param-
eters and fields of the resulting gauged supergravity do not depend on extra

coordinates. The parametrization of the invariant metric is

,r’p,l/ n'uu ’r]ui 0 (5'uy 0
MMy = 0 M M | = (67 0 0 | (3.59)
0 M Mij 0 0 ki

with p,v =0,...,D —=1,4,7=1,...,n and k;; the Killing metric of the gauge
group. The flat indices can be split in the following way A = (a,@,?) where
a=1,...,D,a=1,...,D and 7 runs from 1,...,n. The latter is the flat

version of the gauge index. The Lorentz invariant metrics are parametrized as

i 00 Ty 0 0
NAB = 0 ng 0|, Has=|0 nz 0|, (3.60)
0 0 Kij 0 0 Ki;

where 74, and 7 can be identified with a flat and constant metric 7,
ab ab
NatOgqb = MabOap = Nab (3.61)

and kj; is the flat version of the Killing metric. Defining the following constant
object ¢;/ we have a relation between the Cartan-Killing metric and its flat

version,

Kij = ei' ke . (3.62)

The same holds for the inverses of these metrics, defining e’; as the inverse of

61'1.
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Before analyzing the symmetry rules, we include in this part the parametrization

of the generalized frame,

B E'q E', —eug — Cpue’a €y _Apiep@
EMA - Eua E'ua Eia — E eyﬁ — Cpuepa 6“5 —Apiepﬁ y
E/ﬁ E“g EZ; \/ﬁAmei; 0 \/56%

(3.63)

where e, and e,; are a pair of vielbeins for the same metric tensor g,,, i.e.,

%E%aeub = G, (3.64)
eugn@eyg = Guv- (365)
We identify each vielbein (and their inverses) considering the following gauge

fixing of the double Lorentz transformations to a single copy of Lorentz trans-

formations,
eualdy = €uady = €pua (3.66)
el 0% = ez 0t = ety . (3.67)
Finally in (3.63) we use the notation C,, = b, + %A,fAm-.

2. Symmetries: The parametrization of the symmetry parameters is given

by,

M = (Gt N) (3.68)
AEE = Aabégg» ACLb = _Aab(S:ig (369)
Ay = 0, Aj= fipNele's. (3.70)

The components Az and A are fixed to ensure 6E*; = 0 and 6E%; = 0 as
required by (3.63). From (3.68) we can understand how the generalized diffeo-
morphisms encode ordinary diffeomorphisms plus gauge transformations, while
double Lorentz transformation encode the ordinary Lorentz transformations.

For instance, from 0 E#® we obtain
SEM0T = dety, = £PD,ety — 0,81 el + eMy Ao, (3.71)
in agreement with (1.50).

86



3. Fundamental fields: The parametrization of the generalized frame was

given in (3.63), while the parametrization of the generalized metric,

ng _g#PC’pV _gMPAm,
HMN = - p,ugl/p g,uu + Cpucaz/gpa + AuiﬁijAuj Cp,ugpaAai + Auj/fji (372)
—g"P Ay Co g Agi + A K Kij + Apig”” Asj

can be easily obtained from the EyAHazEnN® = Haw-

The generalized dilaton is given by

e = \/—ge . (3.73)

Using the parametrization of the generalized frame and dilaton, it is straight-
forward to compute the parametrization of the different projections of the gen-

eralized fluxes,

Fane = —wi)o%e, (3.74)
Fye = wi,)oue, (3.75)
1
Fae = 3(w[abc}—6HabC) KU (3.76)
1 - abe
FM = =3 w[abc]+6Habc 5abc7 (377)
1 A
Fuy = ——=c"aevezF,, 00, 3.78
iab \/§ b prab ( )
Fg; = _eiiejjeuaAykfijm; (3.79)
Fr = V2del5¢cfin (3.80)
F, = (Ouet+eleyd,eb — 2e",0,0) 5, (3.81)

where
_ ) 1 . )
Hye = 3€Maeyb6pc (a[ﬂb’/ﬁ’} - AEMaVAP]’L' + gfijkANZAVJAPk) : (382)

4. Action principle: The action of heterotic/gauged DFT reduces to (3.4)
after parametrization. For example, the last term of the heterotic/gauged DFT
action principle, —%F@F ibe reproduces the term —%F L F*; when the compo-

nent Fy,. is replaced by (3.78).

1bc
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3.2 Part B: Single and double copy from the double field

theory perspective
3.2.1 Generalized Kerr-Schild ansatz

In this section we review DFT and the Generalized Kerr-Schild ansatz (GKSA).
The GKSA was originally formulated (JHEP 1810(2018) 027) as an exact and
linear perturbation of the generalized background metric Hyy (M, N =0,...,2D—
1) and an exact perturbation of the generalized background dilaton d,. We work
with arbitrary D until parametrization.

Since the generalized metric is an O(D, D) element, its perturbation has the

following form
Harn :HMN—i-/i(KMKN—'—KMKN), (3.83)
where Ky = PyN Ky and Ky = PyN Ky are a pair of generalized null vectors
T]MNKMKN = UMNKMKN == UMNKMKN =0. (384)
According to (3.83), the DFT projectors are
1 - _
Pun = Pun— §K(KMKN + Ky Kn)
_ _ 1 _
Pun = Pun+ QH(KMKN—FKMKN). (385)
Each O(D, D) multiplet can be written as a sum over its projections,
Vir = PuN Vi + PoNViy = Vi + Vag, (3.86)

where V), is a generic double vector. When we use the underline and overline
notation, we consider the background projectors Pyy and P .

The generalized background dilaton can be perturbed with a generic x expan-
sion,

d=d,+rf, f=> K&'fa, (3.87)
n=0

with n > 0.
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Mimicking the ordinary Kerr-Schild ansatz, the generalized vectors Kj;, Ky,
and f obey some conditions in order to produce finite deformations in the DFT
action and EOM’s. If we consider a generic double vector Vi, the covariant

derivative can be defined as

VauVy =0V — Tun"Vp, (3.88)
where ["y/yp is the generalized affine connection. Demanding

VuHne = 0, Vunyp =0, (3.89)

and a vanishing generalized torsion

Uivynp =0, (3.90)
the following projections of I'y;yp = —I'y;py are well-defined and can be per-
turbed,

Fynvog = — P Pr®0sPry , Uirvg = PPy 0sPro

Tung = 2Pw""Pq 0sPru, FMﬂQZQﬁMRP[NSé’sPQ]R. (3.91)

Similarly to Riemannian geometry, the generalized Ricci scalar and the gener-
alized Ricci tensor can be constructed from different (determined) projections
of the generalized affine connection. Following the original construction of the

GKSA we impose,
KPGPKM + KpaMKP — KPaPKM = 0,
KPopKM 4+ KpoMKP — KPop KM = 0, (3.92)
and
KMoy f = KMoy f=0. (3.93)
Using (3.90), we can change 0 — V in (3.92) obtaining,
KPVpEKM 4+ KpVMEKP - KPVpEKM = 0,
KPVp KM + KpVMK? — KPVpKM = 0. (3.94)
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The generalized flux formulation is compatible with the GKSA if we consider

perturbations of the form,
_ -1 L
SMA = EMA + §/€EM§K§KA s
1 —
Evd = Byt — §/£EMBK§KA, (3.95)

where KA = 5MAKM = EMAKM and KA = EMZKM = Esz(M and EMA is an
O(D,D)/O(D—1,1);,xO(1, D—1)g frame. In this formulation A =0,...,D—1
and A=0,...,D —1are O(D—1,1); and O(1, D — 1) indices, respectively.

We can define flat invariant projectors as follows,

Pap = EuaEMp = Pug,

75AB == SMZSME = pAB ) (396>

where Py = EyaEMp and Pap = E,7EM5 are the standard DFT flat

projectors. Using these projectors we can construct two invariant metrics,

nag = Enan™ N Enp = Expan™" Eng, (3.97)

Hyp = EyaHMNEng = EyaHYNEnp . (3.98)
The flat covariant derivative acting on a generic vector Vg is
DV = EAVs + Wap Ve, (3.99)

where €4 = V2EM 40y, and WygC is the generalized spin connection that

satisfies
Wapc = —Wacs and  Wyge =Wyge =0. (3.100)

With the help of the generalized frames we can construct the generalized fluxes,

which are defined as

Fape = 3Ea(EY B)Evar .
Fa = V2e™0y (EM4e7) . (3.101)
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In the flux formulation of DFT, conditions (3.92) and (3.93) become

KAE,KC + KAKPF,C = 0,

KAB;KC + KAKBF ¢ = 0, (3.102)
and
KAELf = KAExf =0. (3.103)

It is straightforward to check that the previous conditions are double Lorentz

invariant using
or€na = En"Tpa, OrEya = Ey"Tpa (3.104)

where I'ygp = —I'g4 is the double Lorentz parameter.
Only the totally antisymmetric and trace parts of Wxpe can be determined in

terms of &y4 and d,

1
Wiasey = —37asc (3.105)
Wpa® = —Fa, (3.106)

the latter arising from partial integration with the dilaton density. Using these

identifications, conditions (3.102) and (3.103) can be written as

K,DAK? = K ;D KE =0,

K DAf = KyD4f=0, (3.107)

where D, is the background covariant derivative. As we mentioned before,
the generalized Ricci scalar and the generalized Ricci tensor are completely
determined in terms of the degrees of freedom of DFT and, particularly, can be

written in terms of different projections of the fluxes,

1 1 a
R QgA‘FA‘{"FAfA_aFMFM_§~FKE}—AB70’ (3.108)

Rap = &ExFp— EcFapS+ FepaFl e — FoFasC. (3.109)
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The previous projections of the fluxes can be computed using (3.95) and im-

posing (3.102) and (3.103),
3 —D
‘FM = FM_ 5/{[( K[AF&}E’ (3110)

— — 1—p

_ _ 1 _
Fape = Fape—+k (K[CDB]KA + KzEpKe) — §KDKAFDBO) (3.112)
1 5 B
Fa = Fa—gn <KAD§K + Fp oK KO+ 4D4f> . (3.113)

Replacing the previous expressions in (3.108) the generalized Ricci scalar can

be written as

R = R+n|-KiK EgF - Dy (K ADyR” + FBﬂFEKQ + FAC KD K4

+FAECR 3 EpKe — ADADAS| + 2 [ABAEAf] | (3.114)

and therefore in the case f = const., the generalized Ricci scalar can be lin-
earized.

With a similar procedure the generalized Ricci tensor can be written as,

Rap = Rap + AR yap + ’4272(@)22, (3.115)

where

1 —c\ , 1 = 1 -
Rias = —5Da (KBDCKC> + 5 BC (KeDpKy) — 5 B (KpDeK7) + 5 B (KxEpKc)

|- 1D 1, —D 1D
—5BS (K5EcKp) - 5K KSExFppo — 5 BaK KSFppo — 5K EKSFppe

1 — 1 — - 1D
—iEgKQKZFDBC — iKQEQKZFDBC - §KQKzEQFDBC +5K KYE5Fsp0
1 7o_CE 1 o1 CE 1= CE 1o CE
— 5 KeDpKgF< 5+ S KpDeK gl — S KgEpKcF<" 5 + S K5EcKpF<"7

1— 5 1= - 1 — — 1 _ _
—|—§KZD5KQF§QD — §K5DZKQF§QD + §KQEﬁKZFEQD — ~KcFK5Fp<?

1 — R 1 — 1
+§KQD§KZFQ+ iKQKZEQFQ - 5KQDQKZFQJF 5KZEQKQFQ

1— 17 5 1. pe =
—iKZEQKQFQ -5K KcFepFP + 5KQKEFD poFEP—

R — 1%
—§KQKZFDBCFQ - 5K KPFg,“Fape — 2DzDsf (3.116)

2o
\
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1—pb — R
Rizap = 5K K€ (EpKy) (BcK )+ 1K KK+ (DsEcKp)

—iKCFAKB (EQDB?B) — iKCFAK EBc (FBZ*%@)
~KSKx (EcDpf) + (KpDcK7) (Df) — (KzEpKc) (DCf)

+ (K4EcKp) (DCf) + (KPK4Fpsc) (DEf) . (3.117)

As can be appreciated, the EOM of the generalized metric contains quadratic
terms even if f = 0, and unlike general relativity there no exist a; and s such

that the quadratic terms can be written as

R(“2)ZB = alﬁkzké’R/(

wop + kKK R0

The previous equation shows that the equation of motion of the generalized
metric cannot be linearized when the GKSA is considered. Nevertheless, upon
breaking the global O(D, D) invariance and using the equation of motion of g,
and b, it is straightforward to probe that the quadratic contributions vanish

when f = 0.

3.2.2 Generalized KS at the supergravity level

Now we are interested in imposing the supergravity version of the GKSA on
the previous formulation. One way is to directly parametrize the results of the
previous section. Another way is to just perturb the supergravity Lagrangian
with the GKSA. For simplicity, we do not consider perturbations of the gauge
field, i.e., A, = Ao The inverse of the 10-dimensional background metric is

perturbed as
g = "+ kel (3.118)
where [, and l_ﬂ are null vectors with respect to ¢g"” and g~*, i.e.,

Llg" =1,9""1,=0, (3.119)

Ll,g" =1,9,"1,=0. (3.120)
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The previous objects also satisfy the following relations
PVol,=0, 1"V, =0, (3.121)

which reduce to the standard geodesic conditions when [ and [ are identified.

The perturbation of the Kalb-Ramond field is given by

by = bou — KOl (3.122)

26 __
2+k(l-1) "

where k = One can easily that after perturbing the supergravity action

using these extended ansatz, the equations of motion are linear, as was shown
from the DFT approach. We left this as an exercise for the reader.

3.2.3 DFT behind the double copy maps of HJP

The story of the double copy of Yang-Mills following HJP with the identifica-

tions,
AS (k) = euu(k, k). (3.123)
1 -
Kap = 5 T (R), (3.124)
fare — ST (ko Koy ks) | (3.125)

produce more that quadratic and cubic Einstein-Hilbert gravity. As the reader
might suspect, the double copy produce the full quadratic and cubic NSNS
supergravity, as we are going to show now. Particularly, after solving the section

constraint imposing x = Z, one should interpret the fields as
€ = Ny + Oy - (3.126)

Let’s explore the quadratic b-field contributions in the HJP double copy. We

already know that the quadratic action is given by

1
Sbe = 5 / A% (e Dy + e, e,

+ 0%, 0%¢", — ¢0¢ + ngﬁ"al’e,w). (3.127)
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Now we will focus in the extra contributions given by 0,,. It is easy to see that

the terms with just one b cancel out, and we just have,
1
Spels = 7 / a7z (0 Ty, + 200, 07, ). (3.128)

The last terms are exactly the contributions coming from the H? contributions
at quadratic order. Finally, the dilaton ¢ can be easily incorporated at quadratic

order by considering the shift
p=h+4p. (3.129)

Therefore, the field ¢ is usually known as the generalized dilaton, and ¢ is the
ordinary dilaton.
Now we will explore the dilatonic and b-field contributions arising from the LR

quadratic double copy.

3.2.4 b-field Quadratic Contributions in LR double copy

It is easy to show that at quadratic order terms mixing b, and h,, from (2.83)

cancel, and the remnant contributions are given by
£ = —%(Db‘“’DbW — 200679, (3.130)
Defining Buup = 30,b,,), the previous Lagrangian can be written as
Ju. %DBH”PEW. (3.131)
Comparing with the four-derivative contributions to bosonic string theory in the
Metsaev—Tseytlin formalism we see that there are no four-derivative quadratic

contributions in the b-field. Therefore, the contribution obtained in (3.131)

must correspond to a field redefinition. Indeed, let us consider
b = b\o) + 1V 1P (3.132)

with ¢; an arbitrary coefficient. Let’s apply this field redefinition on the leading
order term Ty = —%H 2 to quadratic order in perturbations. The induced

four-derivative contribution is given by
Tinduced = _%a,u(v/\ﬁ)\up)ﬁlul/p . (3133)
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Since we are considering only quadratic contributions, the covariant derivative
reduces to an ordinary derivative V — 0, and therefore we can write the previ-

ous expression as

Tdueed = —%Dﬁwph”’ﬂ. (3.134)

By fixing ¢; = —ay, we can interpret the DC theory as Weyl gravity plus an
ambiguous b-field contribution, which can be removed by the field redefinition
(3.132).

3.2.5 Dilatonic Quadratic Contributions in LR double copy

A similar analysis applies to the dilaton. The quadratic dilatonic terms in (2.83)

are given by
LY = —8ay(Oh — 9,0, + Tg)0g. (3.135)

Since the dilaton does not contribute to the quadratic structure of the o'-

corrections, these terms must also be removable by field redefinitions. Consider
¢ = ¢\ + co(Oh — 8,0,h" + 0¢) . (3.136)

Inspecting the two-derivative term 40,,¢0"¢, one finds that the desired contri-
bution is induced by setting co = —2ay. Therefore, both the b-field and dilaton
contributions in (2.83) are ambiguous at quadratic order, leaving Weyl gravity
as the only unambiguous sector.

While the previous results might be seen as boring, indeed is very promising

since the Lagrangian

/ V(R +C?) (3.137)

can be turned into

/ Vv—g(R + Riem?) (3.138)

T
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by performing field redefinitions. And this is excellent since the first quadratic
correction coming from the o/-corrections is exactly given by Riem?. Indeed,

the full four-derivative Lagrangian is given by

, 1 1 1
Lo = O‘Z [Riem2 = " H, R po + o HY = S HE HP | (3.139)

Therefore, combining the double copies of HJP and LR one can obtain the full

quadratic bosonic Lagrangian up to quadratic order.

3.3 Exercices
3.3.1 Part A

1. Show that the curvature for the b-field can be written as H,,, = Vb, in

bosonic supergravity. Then show its Bianchi identity V(,H,,, = 0.

2. Show the following identities:
(VuHypo)H'P H" =0, (V,H")R",,, =0. (3.140)

3. Prove that the parametrization of the generalized metric respects the O(D, D)

constrain H? = 1.
4. Compute the symmetry transformation rule for b, coming from DFT.

5. Show that the DFT action reduces to the NSNS Lagrangian after parametriza-
tion (include the non-Abelian gauge field to recover the Yang-Mills plus Chern-

Simons terms of the heterotic supergravity).

6. Consider a generic double vector VM for heterotic DFT and show that
3¢, 0¢,| VM = 3,V holds if

17 78 &21

7. Decide if the following projections are determined or undetermined: I'y;np,
Uy nps Uywps Uarwps and write the determined projections in terms of Hyy -

8. Demanding [ d*’Xe V'V, VM = — [ @*P Xe 2V MY,V show that the
trace of the connection is I'yyy™ = —20yd.

9. Find (5£~F mnp. Then show that I'y;yp) transforms as a generalized tensor.
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3.3.2 Part B

1. Consider DFT in its generalized metric formulation. Compute the deter-
mined projections of V7 Ky and V{7 Ky .

2. Consider Rppr in its generalized metric formulation and perturb it with the
GKSA. Use the connections of the previous exercise to write it in its covariant

form.

3. Consider Rzry = 0 under the generalized Kerr-Schild ansatz and prove
that the equation contains the same information that R,z = 0 under the same

ansatz.

4. Use the GKSA at the supergravity level for the metric and the b-field (the
so-called extended ansatz, without perturbing the dilaton) and prove that the

equations of motion are linear in the perturbations.

5. Propose a list of gauge terms which can be potential candidates to repro-
duce the Riem? interactions of bosonic string supergravity. In order to do so,
first do some research to understand what kind of pure gravitational terms does

this theory have and then propose your gauge Lagrangian.
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4 Summary and outlook

Throughout these lectures, we have reviewed several modern aspects of the dou-

ble copy program and its role in connecting gauge and gravitational theories.

This framework has emerged as a particularly promising direction for future

research, especially in the study of higher-derivative corrections and their impli-

cations for quantum gravity. One of the central motivations behind the double
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copy is the possibility of reformulating gravitational dynamics in terms of struc-
tures that are better understood on the gauge theory side, where quantization
is under significantly greater control.

In the final lecture, we showed how bosonic supergravity can emerge at quadratic
order within this framework. Moreover, there are strong indications—particularly
from the amplitudes community—that this correspondence may extend to higher
orders, potentially providing a systematic way to construct increasingly refined
gravitational theories. If such extensions can be fully established, they would
offer a powerful bridge between perturbative gauge theory computations and
nontrivial gravitational dynamics.

In parallel, new models incorporating higher-derivative corrections can be de-
veloped independently of traditional string-theoretic constructions. This opens
the door to a broader landscape of theories that, while inspired by string theory,
are not strictly constrained by it. A recent example of this line of research is
the implementation of the double copy map for non-commutative gauge theories
via the Seiberg—Witten map. Although this topic goes beyond the scope of the
present course, it serves as a compelling illustration of how novel toy models
for quantum gravity can naturally arise within the double copy framework.
The overarching idea is to exploit gauge theories—whose quantization is well
understood—to construct corresponding gravitational theories that may inherit
some of these desirable quantum properties. This perspective suggests a new
strategy for approaching long-standing problems in quantum gravity, shifting
part of the difficulty to a domain where more computational and conceptual
tools are available.

As you can imagine, there are many directions in which these ideas can be
further developed, ranging from formal theoretical questions to concrete phe-
nomenological applications. I hope that these lectures have provided a useful
starting point for engaging with the current literature and for exploring the

deep and fascinating connections between gauge and gravitational theories.
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A Computation of Curvatures in CADABRA

CADABRA is a software which allows us to compute curvatures in a very
straightforward way. This section will show the basic definitions and commands
to start using this program.

Definition of objects: indices, derivatives and metric We start by defin-

ing some objects in the following way:

Wy Vs P, 0, Y, N, By €, p#t o Indices(spacetime, position = independent).
04 i Partial Derivative.

V4 1t Derivative.

Guv 2 Symmetric.

g’ o Symmetric.

Guw 2 Depends(0, V).

g"" :: Depends(0,V).

0F : Kronecker Delta.

In the first line we are defining the indices that we (and CADABRA) will use.
The second and third lines define the partial and covariant derivative. So far
CADABRA only knows that the partial is a derivative that commutes but the
nabla is just a derivative. Then we teach cadabra about the metric and its
inverse. They are symmetric objects and they are not constant. Finally, in the
last line we define the Kronecker delta. If you are new in CADABRA, be careful

with the capital letters and the dots in the end of every line.
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Setting the connection Our most important object for constructing curva-

tures is the connection. So, in order to construct it in CADABRA we write:

1
LC = igp”(augya + 8ug;w - aaglw) :
Qdistribute!(LC);

In the first line we are defining the object "LC”, which has indices £,. This
is importan to remember, because CADABRA associate every object with its
literal index configuration. So the free indices need to match when we make sub-
stitutions. We will return to this later. Here we have two lines, but CADABRA
only will give us the last result, since it prints only the lines with ; As the reader
might notice, the commands are given by the symbol @. Every command can
be used several times by including the !! in the end. If we want to use it just
once, we use !.

Constructing the Riemann tensor For constructing the Riemann we write:

Riem := 9,1, — 8,10, + 9.0, —T0, T (A1)

o
so CADABRA already knows that ”"Riem” is our Riemann tensor. The index
configuration for this tensor, in this example, is £ . We would like to substitute
the connection by "LC”. Also we would like to distribute and use the Leibniz
rule. Therefore we write:

Qsubstitute!(Riem)(I'f,,— > Q(LC)) :

Qdistribute!(%) :

Qprodrule! (%) :

Qsum flatten!!(%);
In order to avoid writing (Riem) every time, we can just simply write (%), which
takes the last input in the memory of CADABRA. The last command, @sum-
flatten, eliminates parenthesis. So far, the last series of lines should produce a

Riemann tensor in terms of the metric. However, we still have some derivatives

acting on the inverse metric. Therefore we can use:
Qsubstitute!! (%) (0,9 — > —9"° 01950 9°);

104



and at this moment we have a Riemann tensor just with derivatives acting on
metrics. However, several terms can still reagroup by renaming indices and
ordering properly. This can be automatically done by CADABRA using the

following series of commands:

Qprodsort!(%) :
Qcanonicalise!' (%) :
Qrename_dummies!(%) :

Qcollect_terms!(%);

Let’s analyze the previous commands. The first one establish a convention
for the ordering of every term, while the second one eliminates all the trivial
products of symmetric times antisymmetric objects. Finally @Qrename_dummies!
renames indices (important, always use !) and finally the last command collects
everything. If you follow these instructions, you should have the following

Riemann tensor,

1 L1 L1
Rpo,uz/ = _Z ugy)\augoagp’yg)\ _Z ugv)\aaguagpwg)\ +§8,uagu'ygp’y

1 L1 1 .
+Zaug’y)\aaguagp’yg)\ - 5 u’yguagm + Zauga—yaug)\agp)\g’y

1 o 1 1 o
+Z—L@ugyxagguagm9A - 5 vag,uvgml - Z Vg'ykaozguagp’yg)\

1 1 . 1 .
+§au'yguagp’y + Zaugo'ya/\guagp g’M + Z_laagu'ya)\guagp g’Y)\

1 1 1
_ZavguA@aguogpAgva - Z Vgcwa/\guagpkgva - 1 agw/akguagpxgva
1 (67 1 (e} 1 (6%
_'_Z_Layg,u)\aaguagp’yg)\ - Z uga'ya)\guagp g’M - Z og;wa)\guagp g'YA

1 1 1
50191003900 97" + 104902020096 + 10930700 g"" 9"
1 (0%
_Z 'yg,ucra)\guagp)\gw :
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Ricci tensor Now we will construct the Ricei tensor and the Riccei scalar. We

write:

Ricc := ¢)/Q(Riem) :
Qdistribute!(%) :
Qeliminate_kr!l(%) :
Qprodsort!'(%) :
Qcanonicalise! (%) :
@Qrename_dummies!(%) :

Qcollect terms!(%);

The only new command was the @eliminate_kr which allow us to remove the

delta. The result from the previous lines is,

1 1 1
Boy = =5009000909"" 9" = 5069u059109"19" + 5009009

1 1
+§auguoapgv)\glwgp)\ - éaupguag#p + 1/4augupaag'y)\g/”gp>\

1 1
_iauag,upgup + §auugapg'up + 1/48Vgauapg'y)\gupg’y)\

1
+1/4aagupapg'y>\g“ng)\ - 1/4auguaapg~/>\gupg’y>\ - 5 ungavgaAguAgp’y
1 HY 4PA
+§8,ugupa’yga)\g g

At this point we can return to the index discussion. The object @(Ricc) has
free indices ov since we use 0/ on @(Riem), which was constructed with the

ion ?
configuration £ ,,,.

Ricci scalar Finally, for computing the Ricci scalar we write:

R := Q(Ricc)g” :
Qdistribute!(%) :
@Qprodsort! (%) :
Qcanonicalise! (%) :
Qrename_dummies! (%) :

Qcollect terms!(%);
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After the execution of the last lines, we obtain,

R = —0,0000:9:239" 9”0 + 04,9009 " + 0190p0rg-29" 9° g
v loa 3 g U g UV
—ngpag“ gp + Zaugupaog'y)\g# g Pygp/\ - 1/43#911,)3097,\9“ g Pg’Y/\
1 vo
= 50u9up009109"79 g,

A.1 Exercices:

1. Prove explicitly that the Riemann tensor transforms as a tensor (1,3), the

Ricci transforms as a tensor (0,2), and that R is a scalar.
2. Find R%,,, RS 59509°"9""9"°, Ry Rapg"“g”’ and R?.
3. Show explicitly that the quantities found in the previous exercise are scalars.

4. Prove that V*G,, = 0 (conservation of the vacuum Einstein’s equations).

B Gravitational Perturbations in CADABRA

We will start with the following definitions in our code:
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u?l/?p?O_?,y?A’a?/B?E?lLL#

04 = Partial Derivative.

hH

. Derivative.
 Symmetric.
 Symmetric.
2 Symmetric.
o Symmetric.

:: Depends(0, V).

Depends(0,V).

¢ = Depends(0, V).

h :: Depends(0, V).

oF :: KroneckerDelta.

Now we define our connection,

LC = 1/29p0(augya + augua - aag/ﬂ’);

Qsubstitute! (LC)(gu— > Nuw + khyu,

g = > — kR KRR 0,0 — kKRR RO R 1,018, ) -

Qdistribute!!(LC) :
Qprodrule!'(%) : Qunwrap!!(%) :
Qprodsort!! (%) : Qcanonicalise!!(%) :

@Qrename_dummies!(%);
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Next we construct the Riemann tensor,

Riem := 0,I', — 0,1, + 0T, =TT,

Qsubstitute!(Riem)(I'V,,— > Q(LC)) :

Qdistribute! (%) : Qprodrule!!(Qsum flatten!!(%) :
Qsubstitute! (%) (0,h™ — > 170, o) :

Qsubstitute!! (%) (nuwn””— > 60, uun— > 60, nun®™ — > 80, ™ — > 80)
Qeliminateyr'(%) :

Qsubstitute!! (%) (kkkkk— > 0) :

Qprodsort!! (%) : Qcanonicalise!! (%) :

Qrename_dummies! (%) : Qcollect_terms!!(%); (B.3)
Next we construct the Ricci tensor,
Ricc := §Q(Riem) :
Qdistribute!!(%) :
Qeliminate_kr!\(%) :

Qprodsort!!(%) : Qcanonicalise!!(%) :

Qrename_dummies!(%) : Qcollect_terms!!(%); (B.4)
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and finally we obtain the Ricci scalar,

R := Q(Ricc)g””
@substitute!l(R)(g" — > 0™ — kh* + kkh**h*" 1,5 — kkkh*hP h'on,0ns,) -
Qdistribute!(%) :

Qsubstitute!! (%) (kkkkk— > 0) :
@Qsubstitute!! (%) (0uhpen’ — > Ouwh, Opphpen® — > O h,
Ouhop” = > Oph, Qo gt = > Oush) :
@substitute!!(%)(0,hpen’ — > Ouh, 0,hpen’ — > 0,,h,
Aphopn®— > b, 0,h,n™ — > 0,h) :

Qprodsort!!(%) : Qcanonicalise!! (%) :

Qrename_-dummies! (%) : Qcollect terms!!(%); (B.5)

B.1 Exercices

1. Find the Einstein-Hilbert Lagrangian up to cubic order in fields and prove
that the Lagrangian is diffeos invariant under linearized plus quadratic trans-

formations.

2. Find the Weyl gravity Lagrangian up to quadratic order without imposing
any gauge fixing condition. Compare your quadratic expression with the one

provided in the equation (2.77).

C Kerr-Schild Ansatz in CADABRA

In this section we will give a quick guide in how to start imposing the Kerr-Schild

ansatz in gravity. First we start with the definition of our objects:
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Wy Uy Py 0y Y, Ay, By €, u#E oo Indices(spacetime, position = independent).
04 = Partial Derivative.
V4 1t Derivative.

Guv 2 Symmetric.

g Symmetric.

90, 2 Symmetric.

gO*” o Symmetric.

G 2 Depends(0, V).
g"" :: Depends(0, V).
90, = Depends(0, V).
g0" = Depends(0, V).
¢ :: Depends(0, V).

[* :: Depends(0, V).

oy :: Kronecker Delta. (C.1)

We start writing the connection in terms of the linear and quadratic shift. It is

better to directly write it in covariant form,

LCshift == 1/2kg00,V , {@l1P} + 1/2kg0,, YV, {pl°1?}

—1/2kg0° §00,,905, Vo {117} + 1/2kk 04,905,117V . {pl*1°}) :
Qprodrule!!(%) :

Qdistribute!!(%) :

Qsubstitute!!(%)(I"V 1" — > 0) :

Qprodsort!!(%) : Qcanonicalise!! (%) :

@Qrename_dummies!(%); (C.2)
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In the previous lines we have implemented the geodesic condition. Now we

move to the construction of the Riemann tensor,

Riemshift := V,T¢, — Y, T%, +T?, T2 — T6,T® -
Qsubstitute!(Riemshi ft)(T},— > Q(LCshift)) :
Qdistribute!!(%) : Qprodrule! (%) : Qunwrap! (%) :
Qsum flatten!!(%) :

Qsubstitute!(%)(V,g0" — > 0) :
Qsubstitute!!(%)(90,,90"" — > 8, g0,,90"" — > ot
90,,90” = > 6", 90,907 — > 6°) : Qeliminate kr!!(%) :
@substitute!! (%) ("1 g0,,— > 0) :

V,.90,,— > 0) :

Qsubstitute!! (%
(

)
Qsubstitute!! (%)
)
@substitute!!(%)(I*V 1" — > 0) :

(
(Vi i"g0,,lP— > 0,V,1"g0,,0°— > 0):
(

Qprodsort!!(%) : Qcanonicalise!! (%) :

@Qrename_dummies!(%) : Qcollect_terms!!(%); (C.3)

Following the previous code you should find that the Riemann is quadratic in
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k. Now we move to the Ricci tensor,

Riceshift := 0h'Q(Riemshift) :

Qdistribute!(%) :

Qeliminate_kr!l(%)

Qsubstitute!!(%)(g0,,90""— > 6, 0,,90""— > dF,
90,907 = > 61, 90,907 — > o7)
Qeliminateyr (%) :

@Qsubstitute!! (%) ("1 g0,,— > 0) :
@Qsubstitute!! (%) (V1" g0,,l°— > 0, V1"g0,,0°— > 0) :
Qsubstitute! (%) (V,V 7 g0,51° — > =V 17905V ,1°,
V.V, 1790s,0° — > =V 17905V ,1") :
@Qsubstitute!!(%)(V, V1P — > =V, IV 1) :
@substitute!! (%) (I*V 1" — > 0) :

Qprodsort!!(%) : Qcanonicalise!! (%) :

Qrename_dummies!(%) : Qcollect_terms!!(%); (C.4)

Of course, at this step also the Ricci tensor should contain quadratic terms, but
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they are proportional to the linear ones. Finally the Ricci scalar is,

R := Q(Riccshift)g” :

Qsubstitute!!(R)(g" — > g0 — kel*l”) :
Qdistribute!!(%) :

Qsubstitute!!(%)(g0,,90""— > 6, 0,,90""— > d¢,
90,907 — > 61, 90,907 — > o7)
Qeliminateyr (%) :

@substitute!!(%)(1"1"g0,,— > 0) :
@Qsubstitute!! (%) (V1" g0,,l°— > 0, V1"g0,,0°— > 0) :
Qsubstitute! (%) (V,V,7g0,51° — > =V 17905V ,1°,
V.V, 1790s,0°— > =V 17905V ,1°) :
@Qsubstitute!!(%)(V, V1P — > =V, "V 1) :
Qsubstitute!!(%)(("V 1" — > 0) :

Qprodsort!!(%) : Qcanonicalise!! (%) :

Qrename_dummies!(%) : Qcollect_terms!!(%); (C.5)

C.1 Exercices

1. Prove that the quadratic contributions of the Ricci tensor are proportional

to the linear ones.

2. Test the Weyl gravity EOM under the Kerr-Schild ansatz.
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