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Abstract

The present notes are based on three lectures prepared for an introductory eight-class

course on the modern framework of the single and double copy. The course will be held

from April 16 to May 5, 2026, at the Universidad de Buenos Aires (UBA). These lectures,

aimed at PhD and master’s students, are self-contained and require only a basic knowledge

of classical field theory. The main goal is to review the fundamental concepts of gauge and

gravitational theories in order to explore the off-shell frameworks of the single and double

copy. In the final part of the course, we explore modern approaches to reinterpreting the

single and double copy within T-duality-invariant frameworks.
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0 Introduction

The two modern pilars of theoretical physics are gravitational theories, organized by dif-

feomorphism invariance, and gauge theories, organized by gauge symmetries. Through

these lectures we are going to review the basic ingredients to describe these theories:

symmetries, tensors, invariants, actions and equations of motion. When we talk about

gravitational theories, we typically refer to the Einstein-Hilbert action, but through the

course the Weyl action (a higher-derivative model based on the square of certain curva-

tures) will also take a significative role. When we talk about gauge theories, there is also

some ambiguity here: almost always we will refer to Yang-Mills, which can be formu-

lated in its Abelian (Maxwell) or in its non-Abelian frameworks, but from time to time

other higher-derivative formulation will emerge. As you can notice, the higher-derivative

physics is very important, since these contributions can correct theories and modify their

leading order behavior.

Through these lectures, we will study two modern approaches which relate gravita-

tional and gauge theories: the single and double copy. These frameworks were originally

constructed at the level of the amplitudes but, in this course, we will particularly focus

on their off-shell formulations (Lagrangian level). This choice will allow us to explore

general equivalences without the need of imposing the equations of motion (this is our

definition of off-shell though the course). The idea of the single copy is to turn a grav-

itational theory, like the Einstein-Hilbert theory, into a gauge theory, by identifying the

perturbations of the metric tensor with gauge fields. These technique is performed at the

level of the equations of motion, allowing one to recast gravitational dynamics in terms

of gauge dynamics. We will explore the case of Maxwell theory, obtained from a par-

ticular ansatz for the Einstein-Hilbert metric (Kerr-Schild ansatz and its generalization

given in JHEP 1810 (2018) 027). The single copy is extremely powerful since we can turn

gravitational solutions into electromagnetic solutions and analyze their beheviours. More

fundamentally, the idea of this program is to reverse this engineering and learn about

quantum gravity, from the quantum gauge theory.

For this reason, the idea of the double copy is exactly the opposite to the single copy:
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to start from a gauge theory, let’s say Yang-Mills, and to construct a gravitational theory

by considering certain identifications. These identifications are done at the level of the

action, so one can turn one a gauge action into a gravitational action, perturbatively (in

these lectures we will work up to cubic order in fields). Particularly focus will be put

on the recent approach developed by O.Hohm, F.Jaramillo-Diaz and J.Plefka (HJP) from

Humboldt University (Phys. Rev. D 105, no.4, 045012, 2022). The double copy procedure

of these authors will allow us to construct the Einstein-Hilbert action plus extra matter

terms, related to the Kalb-Ramond field and the dilaton. Therefore, by the end of these

lectures we will be reviewing a little bit of basic supergravity and Double Field Theory

to study its relation with the off-shell double copy construction.

0.1 Outline of the course

• Lecture 1: The first lecture is a self-contained review of gravitational and gauge

theories: part A discusses the main blocks to construct a principle of action using

curvatures (like Einstein-Hilbert or Weyl gravity). In this first approach we keeep

the fields exact, without perturbing them. In part B we explore perturbation theory.

We address general perturbations and the most commong gauge fixing: harmonic

gauge and TT-gauge. Here we briefly review the inclusion of matter in the formal-

ism. In section C we introduce classical gauge theories following the structure of the

Part A: symmetries, actions and equations of motion. In this part re review three

different theories: Maxwell (Abelian theory), Yang-Mills (non-Abelian theory) and

the so-called DFDF theory.

• Lecture 2: The second lecture is entirely dedicated to the off-shell formulation

of the single and double copy. In part A we explore the Kerr-Schild ansatz in GR,

and we use it together with a particular identification of the null vectors in order

to construct the Maxwell equations. In part B we explore perturbative Yang-Mills

in momentum space, and we identify all the degrees of freedom with gravitational

ones, to be able to construct a gravitational action from the Yang-Mills action (off-

shell double copy). We will discuss the role of the extra momentum, and the double
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geometry behind this mechanism. In part C we follow the same strategy as in part

B, but our starting point is a higher-derivative gauge theory, whose double copy is

related to Weyl gravity.

• Lecture 3: Finally, in the third lecture we discuss T-duality and its relation to

the single and double copy. We introduce supergravity and its T-duality invari-

ant rewriting, in the context of double field theory, and we show how a particular

treatment of the single and double copy is possible.

0.2 Implementation of CADABRA

In the appendix of these lectures you will find a friendly guide to start making

computations in CADABRA. Appendix A introduces the basic tensors of GR, Ap-

pendix B will help you with the perturbations and finally Appendix C contains a

basic introduction to the Kerr-Schild formalism.

After each lecture exercises and extra bibliography are included to maximize your

learning.
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1 Lecture 1: Introduction to Gravitational and Gauge

Theories

1.1 Part A: introduction to gravity

1.1.1 Differentiable Manifolds

For this course, we will think of a manifold as a curved n-dimensional space. If we zoom

in to any patch, the manifold looks like Rn. Globally, the manifold may have interesting

curvature (or topology) so we will later define objects to represent this curvature. An

important point is that a manifold does not need a notion of metric, used to measure

distance, but we will consider differentiable manifolds equipped with a metric.

More precisely, a (topological) manifold M is a space which is locally homeomorphic

to Rn. This means that for every point p ∈ M , there exists a neighbourhood U ⊂ M and

a one-to-one map

ϕ : U → Rn

whose image is an open subset of Rn. The pair (U, ϕ) is called a coordinate chart, and the

collection of such charts that covers M is called an atlas. The coordinates xµ = ϕµ(p) are

simply labels assigned to points in the patch U .

A differentiable manifold is one for which the transition functions between overlapping

charts,

x′µ = x′µ(x),

are smooth (C∞). This is the minimal structure required to do calculus. The manifold

itself is not a subset of Rn; it is an abstract space that merely looks like Rn locally.

A central concept for us will be that of a diffeomorphism. A diffeomorphism is a

smooth, invertible map

φ : M → M,

with smooth inverse. There are two equivalent ways to interpret such a transformation.

• Passive viewpoint: we keep the point p ∈ M fixed and change the coordinate system
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used to describe it,

xµ −→ x′µ(x).

This is simply a change of coordinates. Tensor components transform according to

the usual Jacobian rules.

• Active viewpoint: we keep the coordinate system fixed and move the points,

p −→ φ(p).

Fields are then pulled back (or pushed forward) accordingly. Infinitesimally, this

induces variations of fields generated by a vector field ξµ(x).

In these notes we will mostly adopt the active viewpoint when discussing symmetries.

An infinitesimal diffeomorphism is generated by a vector field ξµ(x) and acts as

xµ −→ xµ + ξµ(x).

The induced variation of any field will be given by its Lie derivative along ξµ. This

provides a unified and operational definition of tensorial transformation laws.

For us, the key idea is that coordinates are auxiliary. They are convenient labels, but

they carry no intrinsic meaning. Any physical statement must be invariant under smooth

coordinate changes, or equivalently under active diffeomorphisms. In gravitational physics

this invariance is elevated to a fundamental gauge symmetry.

Before introducing tensors systematically through the Lie derivative, we recall the no-

tion of tangent space. At each point p ∈ M , we define the tangent space TpM . Intuitively,

this is the space of possible directions in which one can pass through p. More formally, a

tangent vector at p can be defined as a directional derivative acting on smooth functions

f : M → R. The tangent space will be useful to describe gravitational theories using the

vielbein formulation. We will describe this framework later.

With this structure in place, we are ready to define tensors operationally through their

infinitesimal transformation under diffeomorphisms, namely through the Lie derivative.

This will naturally lead us to the question of how derivatives of tensors transform, and

to the introduction of the covariant derivative and affine connection as the appropriate

tools to preserve tensorial character.
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1.1.2 Infinitesimal Diffeomorphisms and Closure

We define the Lie derivative as follows,

LξTµ
ν = ξσ

∂Tµ
ν

∂xσ
+

∂ξρ

∂xµ
Tρ

ν − ∂ξν

∂xρ
Tµ

ρ + ω
∂ξσ

∂xσ
Tµ

ν , (1.1)

where Tµ
ν is a (1-1) tensor. For us, this means that indeces down transform in a covari-

ant way while indices up transform in a contravariant way. This is our definition for a

contravariant transformation (or our definition for a 1-form field, wµ),

Lξwµ = ξσ∂σwµ + ∂µξ
ρwρ + ω∂σξ

σwµ , (1.2)

and, similarly, our definition for a vector/contravariant field is

Lξv
µ = ξσ∂σv

µ − ∂σξ
µvσ + ω∂σξ

σvµ , (1.3)

Of course, general (p, q) tensors can be defined just by including more rotations with

respect to each index. Notice that the first term and the last term are always the same,

independently of the rank of the tensor. The first term is called ”the transport” term,

while the last one assigns a weigh ω to each tensor.

The Lie derivative satisfies closure[
δξ1 , δξ2

]
Tµ

ν = δξ3Tµ
ν (1.4)

through the Lie bracket, defined as follows

ξµ3 (x) = ξρ2∂ρξ
µ
1 − (1 ↔ 2) . (1.5)

The closure of a symmetry is a fundamental property that reflects a group structure behind

the symmetry (in this case GL(D) is the group related to diffeos, also called Diff(M),

The demonstration for the generic weight scalar ω is as follows,

[δξ1 , δξ2 ]ϕ = δξ1(ξ
ρ
2∂ρϕ+ ω∂ρξ

ρ
2)− (1 ↔ 2)

= ξρ2∂ρ(ξ
σ
1 ∂σϕ+ ω∂σξ

σ
1 )− (1 ↔ 2) (1.6)
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When we compute closures, neither the parameters nor the constants are transformed.

Now we apply Leibniz’s rule and we get

[δξ1 , δξ2 ]ϕ = ξρ2∂ρξ
σ
1 ∂σϕ+ ξρ2ξ

σ
1 ∂ρ∂σϕ+ wξρ2∂ρ∂σξ

σ
1 − (1 ↔ 2) (1.7)

The second term of the RHS cancels out because it is antisymmetric in 1 and 2, and

symmetric in ρ and σ, and the last term can be rewritten as follows:

[δξ1,ξ2 ]ϕ = ξρ2∂ρξ
σ
1 ∂σϕ+ w∂σ(ξ

ρ
2∂ρξ

σ
1 )− (1 ↔ 2) (1.8)

which is what we wanted to find (Lie bracket).

Using the notation

V(µν) =
1

2
Vµν +

1

2
Vνµ (1.9)

V[µν] =
1

2
Vµν −

1

2
Vνµ (1.10)

the Lie bracket can be written as ξσ3 = 2ξρ[2∂ρξ
σ
1].

We already know how tensors transform. However, a valid question is what happens

to their derivatives. Does the derivative of a scalar field transform into a (0.1) covariant

tensor? Does the derivative of a vector transform into a (1,1) rank tensor? In other words,

we are asking whether the derivative preserves the tensorial character of the fields.

In the case of the derivative of a scalar field, it does preserve the tensor character.

Let’s see: consider ϕ a scalar field of zero weight, and apply the transformation to the

derivative of this field,

δξ(∂µϕ) = ∂µ(δξϕ) = ∂µ(ξ
ν∂νϕ) = ∂µξ

ν∂νϕ+ ξν∂µ∂νϕ . (1.11)

The second term in the last equality is a transport term, while the first rotates the index,

as happens in the covariant transformation. Therefore, it is true that the derivative of a

scalar field transforms covariantly.

Let’s now see what happens for a vector. We anticipate that for vectors or 1-forms,

the tensor character is lost under differentiation. We will show this for the weightless

vector vµ.

δξ(∂νv
µ) = ∂ν(ξ

ρ∂ρv
µ − ∂ρξ

µvρ) = ∂νξ
ρ∂ρv

µ + ξρ∂ν∂ρv
µ − ∂ν∂ρξ

µvρ − ∂ρξ
µ∂νv

ρ . (1.12)
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We see, then, that the structure is not covariant, since there is an extra term that has a

double derivative acting on the parameter (the third term). Therefore, the derivative of a

vector does not transform covariantly. The same applies to a 1-form or tensors of higher

rank.

How do we solve this (major) problem? We create a new derivative, the covariant

derivative, which will preserve the tensor nature of the tensor we are going to differentiate.

The covariant derivative is defined as follows: given the vector vµ, we define the

following derivative:

∇νv
µ = ∂νv

µ + Γµ
νρv

ρ , (1.13)

where Γµ
νρ is a new field. The first thing we need to notice is that Γµ

νρ is, for the moment, an

arbitrary quantity that does not transform like a tensor. How do we know this? Because

if we analyze the right-hand side of (1.13), the first term transforms non-covariantly, while

the left-hand side transforms covariantly. Therefore, the field Γµ
νρ must transform non-

covariantly to compensate for this. Thus, the transformation of Γµ
νρ contains a covariant

part (as if it were a tensor with respect to its three indices) and a non-covariant part that

we can compute explicitly. Let’s define the failure of the operator

∆ξ = δξ − Lξ (1.14)

which measures only the non-covariant part of each object. Let’s apply it to (1.13),

∆ξ(∇νv
µ) = ∆ξ(∂νv

µ) + ∆ξ(Γ
µ
νρv

ρ) . (1.15)

The left-hand side is zero, since we decree that the covariant derivative of a tensor trans-

forms as a tensor. The right-hand side has two contributions, one given by the derivative

of the vector and the other given by the transformation of the connection.

0 = ∆ξ(∂νv
µ) + (∆ξΓ

µ
νρ)v

ρ . (1.16)

We already calculated the failure of the usual derivative, and it gave us

0 = −(∂ν∂ρξ
µ)vρ + (∆ξΓ

µ
νρ)v

ρ . (1.17)
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Therefore, we can rule out the connection failure,

∆ξΓ
µ
νρ = ∂ν∂ρξ

µ . (1.18)

In other words, the complete transformation of the connection is given by

∆ξΓ
µ
νρ = LξΓ

µ
νρ + ∂ν∂ρξ

µ , (1.19)

and due to the non-covariant term, the connection ensures the covariant transformation

of the covariant derivative. For now, the connection is a generic field that transforms

according to the previous equation. The covariant derivative of a 1-form is defined as

follows,

∇νwµ = ∂νwµ − Γρ
νµwρ . (1.20)

1.1.3 Construction of Curvatures

As we mentioned, a manifold by itself has no notion of distance. To introduce this, we

equip it with a metric gµν(x), a symmetric (0, 2) tensor field that assigns to each point a

bilinear form on the tangent space. The inverse metric is given by gµν(x) and satisfies

gµρg
ρν = δνµ . (1.21)

In general relativity we use a Lorentzian metric, and through these notes we use the

signature (−+++).

The metric defines the invariant line element

ds2 = gµν(x) dx
µdxν ,

and allows us to raise and lower indices, define lengths of vectors, and measure angles.

Conceptually the differentiable structure precedes the metric structure. The Lie deriva-

tive, diffeomorphism invariance, and the construction of covariant derivatives can all be

formulated independently of any metric.

However, we will use the metric to fix the affine connection. First, from the covariant

derivative of the metric,

∇µgνρ = Qµνρ , (1.22)
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we can demand Qµνρ = 0. This tensor, defined by the covariant derivative of the metric,

is often called non-metricity. Demanding Qµνρ = 0 we obtain

∂µgνρ − 2Γσ
µ(νgρ)σ = 0 , (1.23)

and therefore, the most general solution to solve the previous condition is

Γρ
µν =

1

2
gρσ(∂µgνσ + ∂νgµσ − ∂σgµν) + T ρ

µν , (1.24)

where T ρ
µν = −T ρ

νµ is an (antisymmetric in µν) arbitrary tensor called the torsion tensor.

In GR, we eliminate both the non-metricity and the torsion, leaving the so-called

Levi-Civita connection,

Γρ
µν =

1

2
gρσ(∂µgνσ + ∂νgµσ − ∂σgµν) . (1.25)

Since we have fixed our connection, the construction of the curvatures follows like this.

First, we compute the commutator of two covariant derivatives,[
∇µ,∇ν

]
vρ = Rρ

σµνv
σ , (1.26)[

∇µ,∇ν

]
wρ = −Rσ

ρµνwσ . (1.27)

From the previous expressions we obtain

Rρ
σµν = 2∂[µΓ

ρ
ν]σ + 2Γρ

[µτΓ
τ
ν]σ , (1.28)

which is the definition of the Riemann tensor, in terms of the metric tensor, which emerges

directly from our commutator. Since the Riemann tensor transforms covariantly (it is a

(1,3) tensor), then we can construct the following covariant (0,2) tensor

Rσν = Rρ
σµνδ

µ
ρ . (1.29)

This object is symmetric, and it is known as the Ricci tensor. It will be a very important

object, since it describes the dynamics in GR (see next section).

The last curvature that we can define making use of the Ricci tensor and the inverse

metric is

Rσνg
σν = R , (1.30)

which is a scalar field, known as the scalar curvature or the Ricci scalar.

Summarizing, we already have defined several tensors:
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• gµν : metric tensor

• Qµνρ: non-metricity (set to zero throughout these notes.)

• T ρ
µν : torsion tensor (set to zero throughout these notes).

• Rρ
σµν : Riemann tensor (from this one we can obtain the Ricci tensor and the Ricci

scalar).

Index symmetries and Bianchi identities for the Riemann tensor The index

symmetries of the Riemann tensor (Rµνρσ = Rα
νρσgαµ) are the following:

Rµνρσ = −Rνµρσ (1.31)

Rµνσρ = −Rµνρσ (1.32)

Rµνρσ = −Rρσµν . (1.33)

When we work with the curvature of a field, instead of the field, we need to remember

that there are identities which helps us to eliminate redundancies. For the case of the

Riemann tensor, we have an algebraic identity and a differential identity:

Rρ
[σµν] = 0 (1.34)

∇[λRµν]
ρ
σ = 0. (1.35)

It’s part of the problems of this part of the lecture to prove the previous identities.

Due to the previous identities, the number of components of the Riemann tensor is

D2(D2−1)
12

. So the Riemann has 20 independent components in D = 4.

1.1.4 Gravitational Action Principles

For constructing a gravitational action principle, we first introduce the following scalar

density

δξ
√
−g = ξρ∂ρ

√
−g + ∂ρξρ

√
−g , (1.36)

where g is the determinant of the metric. This transformation can be easily obtained from

the identity δg = ggµνδgµν . Using the technology of the previous section we can safely
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say that the square root of (minus) the determinant of the metric transforms like a scalar

with weight w = 1. This kind of transformation is known as a density, and it is ideal to

construct a generic principle of action following this structure,

S =

∫
d4x

√
−g T . (1.37)

where T is an arbitrary scalar. If the action has the previous form, then

δξS = S +

∫
∂µ(

√
−g T ξµ) . (1.38)

The last term of the previous variation is a total derivative, so the action is invariant

under infinitesimal diffeomorphisms and the Lagrangian

L =
√
−g T (1.39)

is invariant up to total derivatives. Probably, you are thinking that T = R is our ideal

candidate for completing our action principle, but R is just one possibility among several.

When we use T = R, we are formally constructing the Einstein-Hilbert action,

SE−H =

∫
d4x

√
−g R . (1.40)

But this is not the only possibility that GR offers. For example, we can define

SRiem2 =

∫
d4x

√
−gRρ

σµνR
α
βγδgραg

σβgµγgνδ . (1.41)

It is pretty obvious that this one is much more complicated than the Einstein-Hilbert

action, but in principle it is well-defined if we just focus on the symmetry.

There is a particular action which will be very important for us: Weyl gravity. The

Weyl tensor is an important tensor in GR, which can be constructed in the following way,

Cµνρλ = Rµνρλ −
2

D − 2

(
gµ[ρRλ]ν − gν[ρRλ]µ

)
+

2

(D − 1) (D − 2)
Rgµ[ρgλ]ν . (1.42)

where D is the dimension of the space-time. In D=3. the Riemann tensor is fully deter-

mined by the Ricci tensor,

Rµνρσ|D=3 = gµρRνσ − gνρRµσ −
R

2
gµρgνσ − (ρ ↔ σ) , (1.43)
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so we can easily see the Weyl tensor vanishes in this particulary dimension. The Weyl

tensor is the part of the curvature that is not locally determined by matter, so Cµνρσ = 0

means that there are no tidal forces not directly sourced by matter (no propagating

gravitational degrees of freedom). Therefore, in D = 3 there is no notion of gravitational

waves, since gravity cannot propagate ”in between” matter sources.

In D = 4 the Weyl tensor is given by

Cµνρλ = Rµνρλ −
(
gµ[ρRλ]ν − gν[ρRλ]µ

)
+

1

3
Rgµ[ρgλ]ν (1.44)

An interesting example of a solution to GR with vanishing Weyl tensor is FLRW

cosmology (the standard model of cosmology to the date). In this scenario, the FLRW

metric satisfies Cµνρσ = 0 so all curvature comes from the energy density ρ nd pressure p,

and there are no gravitational waves in the background.

The Weyl gravity action is therefore constructed as

SWeyl =

∫
d4x

√
−gCµνρσC

µνρσ , (1.45)

and it is a conformal invariant model of gravity (to prove it is one of the exercices of this

lecture).

Finally, we mention that the number of independent components of the Weyl tensor

is D(D+1)(D+2)(D−3)
12

(For D > 3) so in D = 4 it has 10 independent components.

1.1.5 Vielbein Formalism

We now consider flat vectors va defined on the tangent space on every point of the man-

ifold, where the indices a, b = 0, . . . , D − 1 are known as “flat indices”. Flat vectors

transform under Lorentz transformations according to

δΛv
a = vbΛb

a (1.46)

where all the contractions are made with a constant flat (inverse) metric ηab. The Lorentz

parameter satisfies Λab = −Λba. Since we are abandoning the metric formulation, we need

to consider a new fundamental field eµ
a, the vielbein, whose inverse is given by eµa. These
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objects satisfy,

eµ
aηabeν

b = gµν , (1.47)

eµaη
abeνb = gµν , (1.48)

and they transform covariantly under infinitesimal diffeomorphisms and Lorentz transfor-

mations,

δξ,Λeµ
a = ξν∂νeµ

a + ∂µξ
νeν

a + eµ
bΛb

a , (1.49)

δξ,Λe
µ
a = ξν∂νe

µ
a − ∂νξ

µeνa + eµbΛ
b
a . (1.50)

The previous transformations close, and when we have more that one symmetry, we need

to check also the mixed closure. The full closure in this case is left as an exercise.

Analogously to what happens with infinitesimal diffeomorphisms, the transformation

of the partial derivative of a flat vector does not match with the transformation of a flat

tensor. Considering a generic flat vector va, we define a flat covariant derivative as

∇µv
a = ∂µv

a − wµ
a
bv

b , (1.51)

where wµab is the spin connection. Imposing

∇µeν
a = ∂µeν

a − Γρ
µνeρ

a − wµ
a
beν

b = 0 , (1.52)

we can fully determine the spin connection in terms of the vielbein, wµbc = wµbc(e). The

2-form version of the Riemann tensor can be written in terms of the vielbein as

Rµνab = −2∂[µwν]ab + 2w[µa
cwν]cb . (1.53)

1.1.6 Killing Vectors

Before giving our first example, the Schwarzschild metric, we introduce an important

concept: Killing vectors ξµ. A Killing vector is defined by

Lξgµν = 0 , (1.54)

which means that the metric is invariant under the flow generated by ξµ. In other words,

Killing vectors generate isometries of spacetime.
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In General Relativity, defining conserved quantities is subtle due to diffeomorphism

invariance. However, in spacetimes admitting Killing vectors, one can associate conserved

quantities to these symmetries.

For example, if a spacetime admits a timelike Killing vector field (which in adapted

coordinates can be written as ∂t), the metric is independent of time and the spacetime is

said to be stationary:

Lξgµν = 0 =⇒ ∂tgµν = 0 . (1.55)

In this case, for a particle moving along a geodesic with four-velocity uµ, the quantity

E = −ξµu
µ (1.56)

is conserved along its trajectory, and is interpreted as the energy of the particle.

1.1.7 One Example: The Schwarzschild Metric in Standard Coordinates

The Schwarzschild solution describes the spacetime outside a static, spherically symmetric

mass in vacuum. In standard Schwarzschild coordinates

xµ = (t, r, θ, ϕ),

the metric takes the form

ds2 = −
(
1− 2M

r

)
dt2 +

(
1− 2M

r

)−1

dr2 + r2dθ2 + r2 sin2 θ dϕ2. (1.57)

The non-vanishing components of the metric are therefore

gtt = −
(
1− 2M

r

)
, grr =

(
1− 2M

r

)−1

, (1.58)

gθθ = r2, gϕϕ = r2 sin2 θ. (1.59)

The inverse metric is given by

gtt = −
(
1− 2M

r

)−1

, grr =

(
1− 2M

r

)
, (1.60)

gθθ =
1

r2
, gϕϕ =

1

r2 sin2 θ
. (1.61)
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Christoffel symbols. One finds the following non-vanishing components:

Γt
tr = Γt

rt =
M

r2

(
1− 2M

r

)−1

, (1.62)

Γr
tt =

M

r2

(
1− 2M

r

)
, (1.63)

Γr
rr = −M

r2

(
1− 2M

r

)−1

, (1.64)

Γr
θθ = −r

(
1− 2M

r

)
, (1.65)

Γr
ϕϕ = −r

(
1− 2M

r

)
sin2 θ, (1.66)

Γθ
rθ = Γθ

θr =
1

r
, (1.67)

Γθ
ϕϕ = − sin θ cos θ, (1.68)

Γϕ
rϕ = Γϕ

ϕr =
1

r
, (1.69)

Γϕ
θϕ = Γϕ

ϕθ = cot θ. (1.70)

Riemann tensor. The Schwarzschild spacetime is curved, and several components are

non-zero. For example:

Rr
trt =

2M

r3
, (1.71)

Rθ
rθr =

M

r3

(
1− 2M

r

)−1

, (1.72)

Rθ
ϕθϕ =

2M

r
sin2 θ. (1.73)

All other components can be obtained from symmetry properties of the Riemann

tensor.

Verification that Rµν = 0. To explicitly verify that the Schwarzschild metric satisfies

the vacuum Einstein equations, one must compute all the components of the Ricci tensor

using

Rµν = ∂ρΓ
ρ
µν − ∂νΓ

ρ
µρ + Γρ

ρλΓ
λ
µν − Γρ

νλΓ
λ
µρ.
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As an illustrative example, consider the tt component. Using the Christoffel symbols

listed above, one finds that

Rtt = ∂ρΓ
ρ
tt − ∂tΓ

ρ
tρ + Γρ

ρλΓ
λ
tt − Γρ

tλΓ
λ
tρ. (1.74)

Since the Schwarzschild metric is static, all quantities are independent of t, and there-

fore

∂tΓ
ρ
tρ = 0. (1.75)

Thus,

Rtt = ∂ρΓ
ρ
tt + Γρ

ρλΓ
λ
tt − Γρ

tλΓ
λ
tρ. (1.76)

We now evaluate each term separately.

First term: ∂ρΓ
ρ
tt. The only non-vanishing Christoffel symbol of the form Γρ

tt is

Γr
tt =

M

r2

(
1− 2M

r

)
. (1.77)

Hence,

∂ρΓ
ρ
tt = ∂rΓ

r
tt = −2M

r3
+

6M2

r4
. (1.78)

Second term: Γρ
ρλΓ

λ
tt. Since Γλ

tt ̸= 0 only for λ = r, we have

Γρ
ρλΓ

λ
tt =

(
Γρ
ρr

)
Γr
tt. (1.79)

We compute

Γρ
ρr = Γt

tr + Γr
rr + Γθ

θr + Γϕ
ϕr (1.80)

=
M

r2

(
1− 2M

r

)−1

− M

r2

(
1− 2M

r

)−1

+
1

r
+

1

r
(1.81)

=
2

r
. (1.82)

Therefore,

Γρ
ρλΓ

λ
tt =

2

r
Γr
tt (1.83)

=
2

r

(
M

r2
− 2M2

r3

)
(1.84)

=
2M

r3
− 4M2

r4
. (1.85)
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Third term: −Γρ
tλΓ

λ
tρ. The only non-vanishing Christoffel symbols involving t are

Γt
tr, Γr

tt. (1.86)

Thus,

Γρ
tλΓ

λ
tρ = 2Γt

trΓ
r
tt, (1.87)

and hence

−Γρ
tλΓ

λ
tρ = −2 Γt

trΓ
r
tt. (1.88)

Substituting,

Γt
tr =

M

r2

(
1− 2M

r

)−1

, (1.89)

Γr
tt =

M

r2

(
1− 2M

r

)
, (1.90)

we find

Γt
trΓ

r
tt =

M2

r4
. (1.91)

Therefore,

−Γρ
tλΓ

λ
tρ = −2M2

r4
. (1.92)

Final result. Summing all the contributions we have,

Rtt =

(
−2M

r3
+

6M2

r4

)
+

(
2M

r3
− 4M2

r4

)
− 2M2

r4
= 0. (1.93)

A similar computation for the other components shows that all components vanish

identically. This cancellation is non-trivial and relies on the precise r-dependence of the

metric components. Hence, the Schwarzschild metric is Ricci-flat and therefore provides

a solution of the vacuum Einstein equations. Although the Ricci tensor vanishes, the

Riemann tensor does not, indicating that the spacetime is curved. The curvature is

entirely encoded in the Weyl tensor, which describes tidal gravitational effects.

1.2 Part B: Perturbation Theory

1.2.1 General Perturbations

When we talk about perturbations, we refer to a field that it is being expanded around

a particular configuration, which is called the background. In gravity, the field that we
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perturb is the metric, which in general can be perturbed as

gµν = g̃µν + hµν , (1.94)

where g̃µν is the background and hµν is the perturbation. Sometimes we assume that the

background is constant, or even flat g̃µν = ηµν . Let’s focus on this last case. The inverse

metric needs to satisfy gµνgνρ = δµρ so when we expand around Minkowski with arbitrary

perturbations the inverse metric contains an infinite expansion given by

gµν = ηµν − hµν + hν
σh

σρ − hν
ϵh

ϵ
σh

σρ + . . . (1.95)

where the indices of the previous expression are contracted using the background metric,

hν
σh

σρ = hναηασh
σρ. If we consider that the perturbation is small (|hµν | << 1 and

|hµν | << 1) then one can work at the linearized level. We will show some results for the

action and equations of motion in the next section.

1.2.2 Gauge Fixing and Gravitational Waves

Let’s focus on the Einstein-Hilbert Lagrangian

SEH =

∫
d4x

√
−g R , (1.96)

and equations of motion

−1

2
gµνR +Rµν = 0 . (1.97)

If we consider small perturbations around Minkowski, then the linearized connection is

given by

Γρ
µν =

1

2
ηρσ(∂µhνρ + ∂νhµρ − ∂σhµν) , (1.98)

and then the linearized Riemann tensor is given by

Rρ
σµν = ∂µΓ

ρ
νσ − ∂νΓ

ρ
µσ . (1.99)

In terms of the perturbation we have,

Rρ
σµν = ηρα(∂[µ|∂σh|ν]α − ∂[µ|∂αh|ν]σ) , (1.100)

Rσν =
1

2
(∂α∂σhνα + ∂α∂νhσα −□hνσ − ∂ν∂σh) , (1.101)

R = ∂µ∂νhµν −□h , (1.102)
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where h = hµ
µ. Now we will obtain the linear expansion for the square root of the

determinant. For doing so we use

g = det(ηµρδ
ρ
ν + ηµρh

ρ
ν) = −det(δρν + hρ

ν) (1.103)

where in the last step we used that the determinant of the Minkowski metric is −1. Now

we need to recall the identity

det(1 +H) = eTr ln(1+H) = −g (1.104)

Using ln(1 +H) = H − 1
2
H2 + 1

3
H3 + . . . w can define

Tr ln(1 +H) = TrH − 1

2
Tr(H2) +

1

3
Tr(H3) . (1.105)

Also recalling eX = 1 +X + 1
2
X2 + 1

6
X3 + . . . we obtain

det(1 +H) = 1 + Tr(H) +
1

2
(TrH)2 − 1

2
Tr(H2) +

1

6
(TrH)3 +

1

3
Tr(H3)− 1

2
Tr(H)Tr(H2)

= 1 +X = −g . (1.106)

Finally, using
√
1 +X = 1 + 1

2
X − 1

8
X2 + 1

16
X3 we obtain

√
−g = 1 +

1

2
h+

1

8
h2 − 1

4
hµνh

µν . (1.107)

In the last replacement we used Tr(H) = h. So far we have not imposed any gauge fixing,

so this is the moment. We start by analyzing which is the symmetry that we will demand

on the linearized theory. The symmetry is linearized diffeomorphisms, given by

δξhµν = ∂µξν + ∂νξµ . (1.108)

Now we impose the harmonic gauge (also called De Donder gauge),

∂µhµν −
1

2
∂νh = 0 , (1.109)

which means that we are using the four components of ξ in (1.108) to simplify the de-

grees of freedom of the metric (originally 10 components, since it is a symmetry tensor).

Moreover, if we transform the previous expression we find,

δξ(∂
µhµν −

1

2
∂νh) = □ξν , (1.110)
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meaning that once the harmonic gauge is imposed, it is preserved by diffeomorphisms

that shift the coordinates by vector fields ξ such that □ξ = 0.

Under this gauge the linearized action is just a total derivative, so the leading contri-

bution comes from

SE−H = −
∫

d4x(R(2)
νσ η

σν −R(1)
νσh

σν +
1

2
hR(1)

νσ η
σν) , (1.111)

while the equations of motion are given by

□(hµν −
1

2
ηµνh) = 0 . (1.112)

Typically, we define h̄µν = hµν − 1
2
ηµνh, so the equations turn into the wave equation,

with plane wave solution

h̄µν = Aµνe
ikσxσ

(1.113)

and k2 = 0 (waves travel at the speed of light). Typically when we inspect gravitational

waves, we use a remanent gauge symmetry to solve the Harmonic gauge (this is called

TT-gauge) in the following way,

∂µhµν = ∂νh = 0 , (1.114)

and therefore the equations of motion are just □hµν = 0. While for the moment we were

choosing the diffeomorphism transformations generated by ξµ with □ξµ = 0, we can also

choose

ξµ = Cµe
ikσxσ

(1.115)

to further reduce other 4 degrees of freedom from the metric. Under the TT-gauge (and

z-propagation kµ = (ω, 0, 0, ω)), the polarization takes the form,

Aµν =


0 0 0 0

0 h+ hx 0

0 hx −h+ 0

0 0 0 0

 . (1.116)

Under the TT-gauge the polarization is traceless Aµ
µ = 0. Also it satisfies Aoν = 0 and

kµAµν = 0 (the latter is the Fourier transformation of the transverse condition). The

remanent h+ and hx are the two physical polarizations of gravity.
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1.2.3 Inclusion of Matter

Let’s now go back a little. We already know that we can construct different gravitational

theories by defining a Lagrangian, which is a scalar under diffeomorphisms. But so far,

these theories do not contain matter. In some sense, we have an empty universe and now

it’s time to fill it. For doing this, we have two possibilities:

• Fields in a curved background: We can couple a matter fields to any of our gravi-

tational fields, which means that we can couple a matter Lagrangian together with

our gravitational Lagrangian. If we focus in the E-H Lagrangian, the results is

something like

SE−H+matter =
1

2κ

∫
d4x

√
−g

(
R + 2Lm(ϕ)

)
(1.117)

where now we are explicitly including the coefficient κ = 8πG
c4

which was omitted

so far. Here, Lm(ϕ) is a Lagrangian for the matter, and ϕ represent an arbitrary

matter field. For example, we can couple a massless scalar field,

Lm(ϕ) = −1

2
∂µϕ∂

µϕ− V (ϕ) , (1.118)

or more complicated setups, but always respecting that Lm transforms as a scalar.

Let’s focus on the massless scalar field, to understand how to compute the dynamics.

In principle our fundamental fields our the metric and the scalar field, so now we

will have two equations of motion: one coming from the variations with respect to

the metric,

1

2κ

√
−g(Rµν −

1

2
Rgµν) +

δSm

δgµν
= 0 (1.119)

and other one coming from the variation of the action with respect to the scalar

field

δLm

δϕ
= 0 . (1.120)

The LHS of the previous equation gives

δϕLm = −∂µ(δϕ)∂νϕg
µν − δV

δϕ
(1.121)
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We can promote the derivatives to covariant derivatives, and integrate by parts to

obtain

δϕLm = δϕ∇µ∇νϕg
µν − δV

δϕ
= 0 . (1.122)

In the case V = 0, we obtain the Klein-Gordon equation □ϕ = 0.

Let’s move to the metric equation. We define

Tµν = − 2√
−g

δSm

δgµν
(1.123)

so that the full equation of motion with respect to the metric tensor is given by

Rµν −
1

2
Rgµν = Gµν = κTµν . (1.124)

Since we are analyzing the case of the massless scalar field, the energy momentum-

tensor is given by

Tµν =
1

κ
(gµνLm + 2∂µϕ∂νϕ+ 2

δV

δgµν
) . (1.125)

For computing the previous variation we have used δ
√
−g = −1

2

√
−gδgµνgµν .

• Statistical matter on a curved background: The other alternative is to couple sta-

tistical matter, meaning particles with a certain dynamics on the manifold. In this

sense, one can explore how include a single particle in the curved geometry, and then

generalized this idea for simple configurations, like fluid dynamics. This second op-

tion is based on relativistic hydrodynamics and, interestingly, in some simple cases,

we will be able to formally develop a correspondence between statistical matter

dynamics and the field theory description.

For describing statistical matter, the correct starting point is the phase space. For

each point x on the manifold, we have introduced its tangent space Px. In this

moment, we will define vectors of momenta, pµ, on this space. In consequence

the phase space is a collection (x,Px) (this is known as a tangent bundle). The

momentum can be considered independent of the position and thus

∂pν

∂xµ
= 0 . (1.126)

26



This condition holds in an off-shell formulation of the relativistic kinetic theory

which is the scenario that we deal with. Conversely the on-shell condition pµpµ = m2

spoils the independence.

The infinitesimal diffeomorphisms of a phase space scalar v with constant weight ω

can be written as

δξv = Lξv + pρ
∂ξσ(x)

∂xρ

∂v

∂pσ
, (1.127)

where Lξ is the usual Lie derivative with ξµ = ξµ(x) (no p dependence). We may

extend (1.127) to tensors by taking the usual Lie derivative acting on different tensor

structures, e.g. for a (1,1) tensor we have

Lξvµ
ν = ξσ

∂vµ
ν

∂xσ
+

∂ξρ

∂xµ
vρ

ν − ∂ξν

∂xρ
vµ

ρ + ω
∂ξσ

∂xσ
vµ

ν . (1.128)

It is straightforward to check the closure of the transformation (1.128),[
δξ1 , δξ2

]
vµ

ν = δξ21vµ
ν (1.129)

and show that the bracket is given by the Lie bracket,

ξµ12(x) = ξρ1
∂ξµ2
∂xρ

− (1 ↔ 2) . (1.130)

In other words, both the phase space formulation and the space-time formulation

share the same bracket.

Since we have tensors acting on the phase space we need to define a natural extension

of the covariant derivative in the phase space, namely the Liouville operator Dµ.

Regarding that we have taken the collection (xµ, pµ) to be the basis of the phase

space, the Liouville operator for an arbitrary tensor reads

DµA
ρλ(x, p) = ∇µA

ρλ(x, p)− Γσ
µνp

ν ∂A
ρλ(x, p)

∂pσ
, (1.131)

where ∇µ is the well-known covariant derivative. In particular it satisfies

Dµp
ν = Dµpν = 0 . (1.132)
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Finally the diffeomorphism invariant volume element of the phase space is the prod-

uct of the coordinate and momentum invariant volume elements, namely

√
gddp

√
gddx = gddpddx , (1.133)

with g the determinant of the metric tensor.

The relativistic Boltzmann equation rules the evolution of the one-particle distribu-

tion function (1pdf) f = f [x, p], which is a phase space scalar. In its simplest form

this equation is

pµDµf = C[f ] . (1.134)

The RHS of (1.134) is the collision term which takes into account the non-gravitational

interactions between particles. If an equilibrium state is achieved the 1pdf takes its

equilibrium form f = feq and C[feq] = 0.

The integration of the first and second moment of the distribution function (with

respect to momentum) give rise to covariant quantities in space-time. For example,∫
pµf [x, p]

√
gddp = Nµ(x) (1.135)

with the usual conservation law or transfer function for the particle current Nµ,

∇µN
µ = 0 . (1.136)

If we instead take ∫
pµpνf [x, p]

√
gddp = T µν(x) , (1.137)

we can define the energy-momentum tensor, which satisfies the conservation law

∇µT
µν = 0 . (1.138)

Since the energy-momentum tensor and the Einstein tensor have the same proper-

ties, we can safely take

1

κ
Gµν =

∫
pµpνf [x, p]

√
gddp (1.139)
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which is the Einstein equation, but obtained from the phase space construction. This

means that the matter coupled to the manifold does not come from a Lagrangian

formulation, but it comes from a statistical distribution.

The simplest distribution function to consider the generalization of the Maxwell-

Boltmann to curve space (also known as the Maxwell-Juttner distribution),

f(x, p) ∝ e−βµpµ (1.140)

where βµ = uµ

kBT
. The energy-momentum tensor in this case is

Tµν = (e+ p)uµuν + pgµν , (1.141)

which is known as the energy-momentum tensor of the perfect fluid.

The perfect fluid-scalar field correspondence

Now we will show that there exist a formal correspondence between coupling a scalar

field on a manifold, and coupling particles obeying the Maxwell-Juttner statistics.

In the case of a scalar field the energy-momentum tensor is

T µν
Φ =

[
∂µΦ∂νΦ− 1

2
gµν∂ρΦ∂ρΦ− V gµν

]
, (1.142)

On the other hand, the energy-momentum tensor for an effective perfect fluid reads

T µν
PF = (e+ p)uµuν + pgµν , (1.143)

In order to deduce the scalar-fluid correspondence we first define the following iden-

tification for the velocity,

uµ =
∂µΦ√

|∂ρΦ∂ρΦ|
, (1.144)

with ∂ρΦ∂ρΦ ̸= 0 and uµu
µ = sign(∂ρΦ∂ρΦ). Since we use the positive signature,

when ∂ρΦ∂ρΦ < 0 the velocity uµ defines a time-like vector and the energy density

and the pressure of the effective perfect fluid are related to the scalar field through

e = −1

2
∂ρΦ∂ρΦ + V , (1.145)

p = −1

2
∂ρΦ∂ρΦ− V . (1.146)
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Finally, using the correspondence we are able to find the full action corresponding

to a perfect fluid in terms of the scalar field variables,

1

2κ

∫
d4x

√
−g(R + 2p(ϕ)) . (1.147)

1.2.4 The Standard Model in Cosmology: Friedmann-Robertson-Walker

Solution

Having introduced matter sources and, in particular, the perfect fluid description,

we are now in a position to study cosmological solutions of Einstein’s equations.

The guiding principle is the cosmological principle, which states that on large scales

the Universe is homogeneous and isotropic. These symmetries strongly constrain

the form of the metric, leading to the Friedmann-Robertson-Walker (FRW) ansatz,

ds2 = −dt2 + a2(t)

[
dr2

1− kr2
+ r2dΩ2

2

]
, (1.148)

where a(t) is the scale factor and k = 0,±1 encodes the spatial curvature.

We will assume that matter can be described by a perfect fluid with energy density

e(t) and pressure p(t). Homogeneity and isotropy imply that uµ = (1, 0, 0, 0) in

comoving coordinates. Before proceeding with the Einstein equations, let us briefly

explain how the ansatz (1.148) is constructed from symmetry principles. The cos-

mological principle imposes that spatial slices at constant time must be maximally

symmetric three-dimensional manifolds. This implies that their metric must have

constant curvature, which uniquely fixes the spatial line element (up to the curva-

ture parameter k = 0,±1). Furthermore, homogeneity and isotropy forbid cross

terms of the form dt dxi and require that the only time dependence appears through

an overall scale factor multiplying the spatial metric. As a result, the most general

line element compatible with these symmetries takes the form

ds2 = −N2(t)dt2 + a2(t) γijdx
idxj , (1.149)

where γij is the metric of a maximally symmetric space and N(t) is the lapse func-

tion. By a time reparametrization we can fix N(t) = 1, leading to the FRW metric
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(1.148). This construction highlights that the entire cosmological dynamics is en-

coded in a single function, the scale factor a(t).

The dynamics follows from Einstein’s equations,

Gµν = κTµν . (1.150)

Let us now explicitly compute the Levi-Civita connection for the FRW metric, in

order to illustrate the general procedure. Recall that the Christoffel symbols are

defined as

Γρ
µν =

1

2
gρσ (∂µgνσ + ∂νgµσ − ∂σgµν) . (1.151)

We will work in the gauge N(t) = 1, so that the metric components are

g00 = −1 , g0i = 0 , gij = a2(t) γij . (1.152)

The inverse metric is therefore

g00 = −1 , g0i = 0 , gij =
1

a2(t)
γij . (1.153)

Let us compute some representative components:

Time-time components: Since g00 is constant, we immediately find

Γ0
00 = 0 , Γi

00 = 0 . (1.154)

Mixed components: Consider Γ0
ij. Using that g0i = 0, we obtain

Γ0
ij =

1

2
g00 (−∂0gij) =

1

2
(−1)

(
−∂0(a

2γij)
)
= aȧ γij . (1.155)

Similarly, for Γi
0j we find

Γi
0j =

1

2
gik∂0gjk =

1

2

1

a2
γik(2aȧγjk) =

ȧ

a
δij . (1.156)
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Spatial components: Finally, for Γi
jk we have

Γi
jk =

1

2
giℓ (∂jgkℓ + ∂kgjℓ − ∂ℓgjk) . (1.157)

Since a(t) depends only on time, it factors out of spatial derivatives, and we obtain

Γi
jk =

1

2
γiℓ (∂jγkℓ + ∂kγjℓ − ∂ℓγjk) ≡ (3)Γi

jk , (1.158)

which are precisely the Christoffel symbols associated with the spatial metric γij.

Therefore, the non-vanishing components of the connection are

Γ0
ij = aȧ γij , Γi

0j =
ȧ

a
δij , Γi

jk =
(3)Γi

jk . (1.159)

This shows how the time dependence of the scale factor a(t) controls the non-trivial

structure of the connection, and ultimately the curvature of the spacetime.

From these, one obtains the Ricci tensor components,

R00 = −3
ä

a
, (1.160)

Rij =
(
aä+ 2ȧ2 + 2k

)
γij . (1.161)

The Ricci scalar reads

R = 6

(
ä

a
+

ȧ2

a2
+

k

a2

)
. (1.162)

We now plug these expressions into the Einstein tensor. The (00) component gives

G00 = 3

(
ȧ2

a2
+

k

a2

)
, (1.163)

while the spatial components yield

Gij = −
(
2
ä

a
+

ȧ2

a2
+

k

a2

)
a2γij . (1.164)

Equating to the energy-momentum tensor components, T00 = e and Tij = p gij, we

obtain the Friedmann equations:

ȧ2

a2
+

k

a2
=

κ

3
e , (1.165)

ä

a
= −κ

6
(e+ 3p) . (1.166)
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We define the Hubble parameter H = ȧ/a, so that (1.165) takes the form

H2 =
κ

3
e− k

a2
. (1.167)

The conservation of the energy-momentum tensor,

∇µT
µν = 0 , (1.168)

provides an additional equation. For ν = 0 this yields the continuity equation,

ė+ 3H(e+ p) = 0 . (1.169)

This equation is not independent: it follows from the Bianchi identity ∇µGµν = 0

together with Einstein’s equations. To close the system, one typically assumes an

equation of state,

p = we , (1.170)

with constant w. In this case, the continuity equation (1.169) can be integrated to

give

e(a) ∝ a−3(1+w) . (1.171)

Some important cases are:

– Dust (pressureless matter): w = 0 ⇒ e ∼ a−3,

– Radiation: w = 1
3
⇒ e ∼ a−4,

– Cosmological constant: w = −1 ⇒ e = const.

The second Friedmann equation (1.166) shows that the expansion accelerates (ä > 0)

if e+ 3p < 0, which is the case for a cosmological constant or, more generally, dark

energy components.

In standard cosmology, one often includes explicitly a cosmological constant Λ,

modifying Einstein’s equations as

Gµν + Λgµν = κTµν . (1.172)
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This is equivalent to shifting the energy density and pressure as

e → e+
Λ

κ
, p → p− Λ

κ
. (1.173)

The set of equations (1.165), (1.166) and (1.169), together with an equation of state,

fully determines the dynamics of the scale factor a(t). These equations constitute the

basics of the Λ-CDM model, which successfully describes the large-scale evolution

of the Universe, including radiation domination, matter domination and the present

accelerated expansion phase.

1.3 Part C: Introduction to Classical Gauge Theories

In the last part of this lecture we will move to gauge theories, where the fundamental

degree of freedom is a gauge field Aµi, with i a gauge index (running from 1...N,

with N the dimension of the gauge group). During this part, we will forget about

the gravitational theory, and we just describe the gauge theory on a curve space.

This means that the equation of motion with respect to the metric tensor will give

us the effective energy.momentum tensor that the theory is producing.

1.3.1 Warming up: Maxwell

Maxwell theory is the simplest case of a gauge theory, because the theory is Abelian

(U(1)) and we can describe it just with the field Aµ. This means that we do not

need the extra index since dim(U(n)) = n2.

Symmetries and closure The symmetry rules acting on Aµ are

δξ,λ = LξAµ + ∂µλ . (1.174)

When we compute the clousure for the A-field we obtain the Lie bracket ξ3 plus a

gauge parameter

λ3 = 2ξρ[2∂ρλ1] . (1.175)
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Since the gauge transformation of the Aµ field is given by the derivative of a pa-

rameter, then this field transforms in a non-covariant way with respect to gauge

transformations. Therefore, we need to construct its curvature, Fµν ,

Fµν = ∂µAν − ∂νAµ . (1.176)

It is very easy to prove that this curvature is a tensor with respect to both symme-

tries:

– For the diffeomorphism symmetry we can just promote ∂µ → ∇µ since we are

not considering torsion. Therefore the curvature is a tensor with respect to

diffeomorphisms.

– For gauge, we can simple transform an obtain δλFµν = ∂µ∂νλ− ∂ν∂µλ = 0.

Just to give you some intuition for the curvature of the A-field, the usual parametriza-

tion is given by

Fµν =


0 Ex

c

Ey

c
Ez

c

−Ex

c
0 Bz −By

−Ey

c
−Bz 0 Bx

−Ez

c
By −Bx 0

 . (1.177)

Let’s now introduce the Bianchi identity for Fµν . As happened with the Riemann

tensor, the F-curvature obeys its own identity, given by

∇[µFνρ] = ∂[µFνρ] = 0 . (1.178)

In the first equality we used the fact that there is no torsion on the space-time.

Action and equations of motion The Maxwell action is given by

SMax = −1

4

∫
d4x

√
−gFµνF

µν . (1.179)

The equation of motion with respect to the A-field is given by

δASMax = −1

2

∫
d4x

√
−gδAFµνF

µν (1.180)

= −1

2

∫ √
−g(∇µδAν)F

µν (1.181)
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and using integration by parts we obtain

∇µF
µν = 0 . (1.182)

If we think that the Maxwell theory is coupled as a matter Lagrangian, then

the equation of motion with respect to the metric is proportional to the energy-

momentum tensor,

δgSmax =
1

8

∫
d4x

√
−gδgµαgµαFνβF

νβ − 1

2

∫
d4x

√
−gδgµαFµνFαβg

νβ . (1.183)

Therefore

Tµν = −2(Fµ
βFνβ −

1

4
gµνFαβF

αβ) . (1.184)

The previous tensor has no trace, reflecting its scale invariance (the photons have

no mass).

Before moving to the non-Abelian case (Yang-Mills), we will briefly discuss about a

particular case inside Maxwell: the self-dual scenario. Let’s define

F̃µν =
i

2
ϵµν

ρσFρσ , (1.185)

with ϵµνρσ a Levi-civita symbol (fully antisymmetric).

When F = F̃ (self-dual Maxwell), the Lagrangian becomes

−1

4
F̃µνF

µν = ∇µK
µ . (1.186)

This Lagrangian is known as an Abelian Pontryaguin and it is a topological term.

Particularly, since it is given by a total derivative, do not affect to the gravitational

dynamics. The explicit form of Kµ can be obtained by explicitly writing

−1

4
F̃µνF

µν = − i

8
ϵµνρσ∇ρAσ∇µAν . (1.187)

By integrating by parts this last expression one has,

Kρ = − i

8
ϵρµνσAµ∂νAσ . (1.188)

So far this is just a curiosity of the self-dual Maxwell theory, but when one promotes

the Abelian group to a non-Abelian one, the full Chern-Simons 3 form emerges from

Kρ = − i
8
ϵρµνσCµνσ.
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1.3.2 Yang-Mills

Symmetries and closure The non-Abelian gauge transformations act on Aµi in

the following way,

δλA
i
µ = ∂µλ

i + f i
jkλ

jAk
µ , (1.189)

where λi is an arbitrary parameter. In non-Abelian gauge theory, the transformation

δλv
i = f i

jkλ
jvk (1.190)

defines a gauge vector. This means that the Aµ
i field transforms in a non-covariant

way with respect to non-Abelian transformations, and that’s fine. This field trans-

forms as a gauge connection, so we will use it to construct the gauged version of the

covariant derivative (for Maxwell theory was not necessary, but now we need it).

Considering an arbitrary gauge vector vi, the partial derivative of this vector is

not covariant and we need to extend the notion of covariant derivative in order to

include the gauge symmetry,

∇µv
i = ∂µv

i − f i
jkAµ

jvk . (1.191)

Here we use the same notation ∇ for the gauge covariant derivative as in (??), so

our convention is that ∇ covariantizes the derivative of an object with respect to all

the symmetries that the object transforms under (similarly to what we did for the

vielbein formalism). Let’s see a quick example. Let’s consider a quick example: We

will explore the covariant derivative of the curvature Fµν
i. This field is now defined

as,

Fµν
i = 2∂[µAν]

i − f i
jkAµ

jAν
k , (1.192)

and, once again, this curvature transforms covariantly under both diffeomorphisms

and non-Abelian gauge transformations

δλFµνi = fijkλ
jFµν

k , (1.193)
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this last statement requires the use of the Jacobi identities,

fil
mfjk

l + fjl
mfki

l + fkl
mfij

l = 0 . (1.194)

Now that we have the definition, let’s explore the covariant derivative:

∇µFνρ
i = ∂µFνρ − 2Γµ[ν

σFσρ] − f i
jkAµ

jFνρ
k . (1.195)

In the previous expresion we clearly observe that the last term is non-covariant with

respect to non-Abelian gauge transformations, so it compensates the non-covariance

of ∂µFνρ under this symmetry.

Let’s now move to the closure of the transformations. Let’s consider the full trans-

formation of the A-field,

δξ,λA
i
µ = ξρ∂ρAµ

i + ∂µξ
ρAρi + ∂µλ

i + f i
jkλ

jAk
µ . (1.196)

The brackets for this field now include those from Maxwell plus a gauge bracket

proportional to the structure constants given by

λ3
i = f i

jkλ
j
2λ

k
1 . (1.197)

The Bianchi identity for the curvature of the A-field is given by

∇[µFνρ]
i = 0 . (1.198)

This is the non-Abeliana generalization of the Gauss law and the Faraday law,

which are encoded in the Bianchi identity for the Maxwell case. Now we have all

the ingredients to construct the action and deduce the equations of motion.

Action and equations of motion The action of Yang-Mills is very similar to

the Maxwell action, but now we need to take a trace over the gauge indices,

SYM = −1

4
Tr

∫
d4xFµνF

µν = −1

4

∫
d4xFµν

iF µνjκij , (1.199)

where kij is a Cartan-Killing metric (κijκ
jk = δki ). The computation of the equation

of motion with respect to the gauge-field is similar to the Maxwell case, but now we

have to include the extra term in the definition of the curvature.
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δASYM = −1

2

∫
d4xδAFµν

iF µνjκij ,

= −
∫

d4xδA(∂µAν
i − f i

klAµ
kAl

ν)F
µνjκij ,

= −
∫

d4x(∂µδAν
i − 2f i

klδAµ
kAl

ν)F
µνjκij . (1.200)

Therefore the equation of motion is

∇µF
µνi = 0 (1.201)

where now ∇µ contains gauge contributions.

Self-dual Yang-Mills Let’s explore the self-dual case. Similarly to what hap-

pened in Maxwell, now we can obtain a non-commutative Pontryaguin from the

action,

S = −1

4
Tr

∫
d4x

√
−gFµνF̃

µν =

∫
d4x

√
−g∇µK

µ , (1.202)

with

Kµ = − i

8
ϵµνρσ(Ai

ν∂ρAσi −
1

3
Ai

νA
j
ρA

k
σfijk) . (1.203)

This is the Chern-Simons current, constructed from the Chern-Simons 3-form

Cνρσ = Ai
ν∂ρAσi −

1

3
Ai

νA
j
ρA

k
σfijk (1.204)

contracted with the epsilon pseudotensor.

Let’s try to simplify the prescription of the self-dual case for flat space. We adopt

the following light-cone coordinates,

u =
1√
2
(t− z), v =

1√
2
(t+ z), w =

1√
2
(x+ iy), w̄ =

1√
2
(x− iy), (1.205)

such that the Minkowski metric takes the form1

ds2 = −2(dudv − dwdw̄). (1.206)

1We recall that we work with mostly-plus metric signature conventions.
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In these coordinates, the self-duality condition reduces to three independent equa-

tions:

Fuw
i = 0, Fuv

i = Fww̄
i, Fvw̄

i = 0. (1.207)

From now on we will work in the light-cone gauge,

Au
i = 0. (1.208)

The first constraint in eq. (1.207) reduces to

Fuw
i = 0 =⇒ ∂uAw

i = 0, (1.209)

which is trivially solved by setting Aw
i = 0. With this solution, the second constraint

in eq. (1.207) yields

Fuv
i = Fww̄

i =⇒ ∂uAv
i = ∂wAw̄

i. (1.210)

This corresponds to an integrability condition and can be solved by setting

Av
i =

1

2
∂wΨ

i, Aw̄
i =

1

2
∂uΨ

i, (1.211)

where Ψi is a gauged scalar field. We therefore find that a self-dual gauge field in

light-cone gauge can be written in terms of a single charged scalar,

Aµ =
1

2
(0, ∂wΨ, 0, ∂uΨ) , (1.212)

and the final equation in eq. (1.207) provides a constraint for the dynamics of this

field,

Fvw̄ = 0 =⇒ □Ψk − fijk∂uΨ
i∂wΨ

j = 0. (1.213)

This is the equation of motion for self-dual Yang-Mills (SDYM) in light-cone gauge.

Let us try to gain some intuition about what these equations describe. First, by

constructing polarisation vectors in the light-cone coordinates used above, one can

show that the self-dual gauge field of eq. (1.212) corresponds to a positive helicity

state. Second, by contracting the self-duality condition with a covariant derivative

we find

DµFµν =
i

2
ϵµνρσD

µF ρσ = 0, (1.214)
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which vanishes as a consequence of the Bianchi identity. Thus, self-dual gauge fields

are automatically solutions to the full Yang-Mills equations. The SDYM equations

therefore describe the positive helicity sector of Yang-Mills. The negative helicity

sector is captured by the anti-self-dual Yang-Mills equations, which corresponds to

the introduction of a negative sign in the self-duality condition.

Self-dual Gravity Revisited

The story for self-dual gravity (SDG) in light-cone gauge is broadly analogous to

SDYM, albeit more computationally intensive. Here the self-duality condition is

Rµνρσ =
i

2
ϵµνγδR

γδ
ρσ, (1.215)

where Rµνρσ is the Riemann tensor. Note that the Riemann tensor is not a 2-form

and so this condition at first seems somewhat perplexing. However, it can be easily

shown that this constraint descends from the self-duality condition on the curvature

2-form Rµνab. Just like in SDYM, solutions to eq. (1.215) are automatically solutions

to the vacuum Einstein equations, which can be seen by contracting two of the

indices,

Rµρ =
i

2
ϵ νγδ
µ Rγδρν = 0, (1.216)

where the RHS vanishes as a consequence of the Bianchi identity. We now write the

metric in the following form

gµν = ηµν + hµν , (1.217)

and impose the light-cone gauge via huµ = 0. We will skip the computation details,

but by taking this ansatz in the self-duality condition of eq. (1.215), one finds that

the metric can be written in terms of a single scalar field ϕ,

ds2 = −2(dudv − dwdw̄) + κ(∂2
wϕ dv

2 + ∂2
uϕ dw̄

2 + 2∂u∂wϕ dvdw̄), (1.218)

which satisfies the equation of motion

□ϕ− κ{∂uϕ, ∂wϕ} = 0, (1.219)

where we have introduced the Poisson bracket

{f, g} = ∂wf∂ug − ∂uf∂wg. (1.220)
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Before moving to the last topic of this lecture let us compare eqs. (1.213) and

(1.219). In both cases we obtain a wave equation with a source, where the nonlinear

interaction is controlled by a bracket along the same pair of light-cone directions.

In SDYM the interaction is governed by the Lie bracket of the gauge algebra, so

the nonlinearity is entirely determined by the structure constants of the internal

gauge symmetry. In contrast, in SDG the nonlinear term involves the Poisson

bracket, which plays the role of a Lie bracket for functions on the (u,w) plane. In

this sense, self-dual gravity can be viewed as an analogue of SDYM in which the

finite-dimensional gauge algebra is replaced by the infinite-dimensional algebra of

area-preserving diffeomorphisms. The deeper relation underlying this analogy is a

double copy map between the gauge theory and the gravitational theory. We will

return to this idea in the next lecture, where we will discuss it in more general tems.

1.3.3 DFDF action

Now that we have already constructed the actions of both Yang-Mills and self-

dual Yang-Mills, we will move to a different non-Abelian gauge theory. At this

point we would like to compute something equivalent to Weyl gravity, but for gauge

theory. The main difference between Einstein-Hilbert is that in Einstein we are

considering a two-derivative Lagrangian (
√
−gR) while in Weyl we have a four-

derivative Lagragian (
√
−gC2) which is the square of some tensor (the Weyl tensor).

Similarly, we can think about some two-derivative candidate (as the Weyl tensor)

constructed from the F-curvature, such as

∇µFνρ . (1.221)

There are not many possibilities for constructing a higher-derivative gauge La-

grangian, due to the Bianchi identities and total derivatives. During this course

we will study the case J2 with Jν = ∇µFµν .

Action and equations of motion
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Let’s consider the following action

SDFDF =
1

2

∫ √
−g∇µF

µνi∇ρFρνi . (1.222)

At first glance we see that the action is invariant under both infinitesimal diffeo-

morphisms and non-Abelian gauge transformations. The equations of motion with

respect to the gauge field can be easily computed by noting that we can safely write

Fµν = 2∇[µAν]. Typically, if the object is a connection, the covariant derivative can-

not preserve the covariant structure. However, for this particular case the relation

is true and it preserves the good behavior of the curvature. So the variation of the

action can be written as

δASDFDF = 2

∫ √
−g∇µ∇[µδAν]i∇ρFρνi . (1.223)

We integrate two times the last expression and we obtain,

δASDFDF = 2

∫ √
−gδAνi∇[µ|∇µ∇ρFρ|ν]i . (1.224)

Therefore, the equation of motion for the DFDF theory is given by

□Jν −∇ν∇µJµ = 0 . (1.225)

If we compare this last equation against the equation of motion of Weyl gravity,

∇ρ∇σCµρνσ +
1

2
RρσCµρνσ = 0 , (1.226)

in this case we cannot recognize an immediate relation between these theories. How-

ever, as we will see in the next section, both theories are also related by the double

copy.

1.4 Exercices

1.4.1 Part A

1. Find the expression for the commutator of two covariant derivatives acting on

a vector when the torsion does not vanish.
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2. Show how the Riemann tensor changes under a covariant shift of the connection

(Γ → Γ + T ), and prove that the Riemann tensor still transforms covariantly.

3. Prove that the trace of the LC connection is given by Γµ
µλ = 1√

−g
∂λ
√
−g.

4. Prove the identity
∫
d4x

√
−g∇µT

µ =
∫
d4x∂µ(

√
−gT µ) which allow us to par-

tial integrate with the covariant derivative, without considering the measure.

5. Prove the two Bianchi identities for the Riemann tensor.

6. Prove the ”wave identity” for the Ricci tensor,

□Rµν = 2RµρνσR
ρσ − 2RµρR

ρ
ν +∇µ∇νR.

7. Compute the variation of the Ricci scalar with respect to the inverse metric

tensor: δR
δgαβ = δ

δgαβ (R
ρ
σµνδ

µ
ρ g

σν).

8. Compute the equation of motion for the Einstein-Hilbert Lagrangian. Hint:

use the variation of the previous exercise and δg = −ggµνδg
µν .

9. Prove that Weyl gravity is conformal invariant. A conformal rescaling of for

the metric is given by δζgµν = e2ζgµν .

10. Consider a generic vector vµ with arbitrary weight and show that the closure[
δξ1 , δξ2

]
vµ = δξ21v

µ holds.

11. Prove the closure of the diffeos plus Lorentz transformations in the vielbein

formalism. It is enough to show the closure on the vielbien.

12. Consider a generic flat vector va and compute δΛ(∂µv
a) and δΛ(∇µv

a). Com-

pare both expressions to obtain δΛwµab.

13. Use the vielbein compatibility to obtain wabc = −eµ[ae
ν
b]∂µeνc+eµ[ae

ν
c]∂µeνb+

eµ[be
ν
c]∂µeνa .

14. Prove that all the contractions of indices between the Weyl tensor and the

inverse metric is zero.

15. The equations of motion for Weyl gravity are given by Bµν = ∇ρ∇σCµρνσ +

1
2
RρσCµρνσ = 0 , where Bµν is called the Bach tensor. Show that every solution of

the vacuum Einstein equation (Rµν = 0) is solution of the vacuum Bach equation

(this implies that every solution in Einstein gravity is solution in Weyl gravity).
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16. Compute the EOM for: S = 2
∫ √

−g(Ric2 − 1
3
R2), which is equivalent up to

total derivatives with the standard C2 Weyl action. To move from one to another

one uses the Gauss Bonnet identity in D = 4: Riem2 = 4Ric2 −R2 + t.d where t.d

is a total derivative.

1.4.2 Part B

1. Show that the linearized Riemann tensor is invariant under linearized diffeo-

morphisms.

2. Compute the quadratic Einstein-Hilbert action around Minkowski space in

terms of the perturbation (harmonic gauge). After integrations by parts you should

obtain the Fierz-Pauli Lagrangian: 1
2
∂αhµν∂

αh̄µν .

3. Considering perturbations around Minkowski, construct the theory
√
−g(R +

Riem2) up to quadratic order in the perturbation. ¿Is the action invariant under

linearized diffeomorphisms?

4. Considering perturbations around Minkowski, construct the theory
√
−gW 2 up

to quadratic order in the perturbation. For doing so consider the action SWeyl =

2
∫ √

−g(Ric2 − 1
3
R2).

5. Transform the Liouville operator acting on a generic phase space vector, Dµv
ν

and verify explicitly that it transforms as a phase space tensor.

6. Kinematics of the perfect fluid: Define aµ = uν∇νu
µ and consider the decom-

position in irreducible tensorial parts:

∇νuµ = wµν + σµν +
1

3
Θ(gµν + uµuν)− aµuν

where wµν is the vorticity (antisymmetric), σµν is the shear tensor (symmetric and

no trace) and Θ is the expansion scalar. Using u2 = −1, find the explicit form of

these quantities in terms of u, ∇u, a.

7. Considering ∇µ∇νuλ −∇ν∇µuλ = Rρ
λνµuρ and the decomposition of the pre-
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vious exercise, compute the evolution laws:

uµ∇µωλν = fλν

uµ∇µσλν = gλν

uµ∇µΘ = h .

8. Consider a dust configuration (p = 0 and T µν = euµuν). Prove that in this

case, the evolution law for the expansion is given by the Raychaudhuri equation:

uµ∇µΘ = w2 − σ2 − 1
3
Θ2 − 4πe.

9. Standard cosmology: Compute the Riemann tensor for the FRW ansatz. Then

check that the Ricci and R terms provided are consistent.

1.4.3 Part C

1. Using the Jacobi identity for fijk, i.e., fil
mfjk

l + fjl
mfki

l + fkl
mfij

l = 0 , show

that Fµνi transforms covariantly under non-Abelian gauge transformations.

2. Using f i
jkfi

mn = 2α′δm[j δ
n
k] compute the gauge transformation of the Chern-

Simons 3-form δλC
(g)
µνρ.

3. Consider a generic gauge vector vi. Show
[
∇µ,∇ν

]
vi = fjk

ivjFµν
k.

4. Show that ∇[µC
(g)
νρσ] =

1
4
F[µν

iFρσ]i.

5. Consider self-dual Yang-Mills in Minkowski space and light-cone gauge. Show

that in this gauge the gauge parameters parameters only depends on v and w̄, i.e.,

λi = λi(v, w̄).

6. Following the spirit of the previous exercice, compute the transformation of δΨ

and prove that this charged scalar transforms non-covariantly. You should obtain

that in this gauge u∂w̄λ
i = w∂vλ

i.

1.5 Complementary reading

– Gravitation, Charles W. Misner, John Archibald Wheeler and Kip Thorne.
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– Exact solutions of Einstein’s field equations, H. Stephani, D. Kramer, M. A.

H. MacCallum, C. Hoenselaers and E. Herlt.

– Nonequilibrium Quantum Field Theory, E. A. Calzetta and B-L. B. Hu

– Relativistic Hydrodynamics, Luciano Rezzolla and Olindo Zanotti.

– The Relativistic Boltzmann Equation: Theory and Applications, Carlo Cercig-

nani and Gilberto Medeiros Kremer.

– Gauge Theories in Particle Physics I and II, I.J.R. Aitchison & A.J.G. Hey.

2 Lecture 2: Off-shell Single and Double Copy

2.1 Part A: Kerr-Schild Ansatz and Off-shell Single Copy

For Maxwell

2.1.1 General Ansatz with Null Vectors

Our purpose for this section is to obtain the Maxwell equations ¸

∇µF
µν = 0 (2.1)

from the general relativity vacuum equation Rµν = 0. Particularly, our starting

point will be general relativity, but the metric will have the following particular

ansatz from the very beginning,

gµν = ¸g̃µν + κφlρlσg̃ρµg̃σν , (2.2)

where lµ is a null vector,

lµg̃µνl
ν = lµgµνl

ν = 0 , (2.3)

φ a scalar field and κ a constant. We can understand this ansatz as a perturbation

of a background solution, g̃µν , using the null vectors and the scalar field. The null

condition ensures that the inverse metric is finite

gµν = g̃µν − κφlµlν . (2.4)
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Now we define the background covariant derivative acting on the vector lν ,

∇̃µl
ν = ∂µl

ν + Γ̃ν
µρl

ρ (2.5)

and also defining lµ = lν g̃µν we can write the full connection as

Γρ
µν = Γ̃ρ

µν + κΓ(1)ρ
µν + κ2Γ(2)ρ

µν (2.6)

where

Γ(1)ρ
µν = g̃ρσ∇̃(µ(ϕlν)lσ)−

1

2
g̃ρσ∇̃σ(ϕlµlν) , (2.7)

and

Γ(2)ρ
µν =

1

2
ϕlρlσ∇̃σ(ϕlµlν) . (2.8)

As reader can easily verify, the contributions Γ
(1)ρ
µν and Γ

(2)ρ
µν are tensorial shifts in

the LC connection. This means that we can easily write the full Riemann tensor by

defining

∆Γρ
µν = Γ(1)ρ

µν + Γ(2)ρ
µν , (2.9)

and therefore

Rρ
ϵµν = R̃ρ

ϵµν + 2∇̃[µ∆Γρ
ν]ϵ + 2∆Γρ

[µα∆Γα
ν]ϵ . (2.10)

By taking the trace in the previous relation, we have a relation for the equation of

motion,

Rϵν = R̃ϵν + 2∇̃[µ∆Γµ
ν]ϵ + 2∆Γµ

[µα∆Γα
ν]ϵ . (2.11)

So far, we have only imposed the null condition. If we analyze the gravitational

EOM we find

Rϵν = R̃ϵν + κR(1)
ϵν + κ2R(2)

ϵν + κ3R(3)
ϵν = 0 . (2.12)
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2.1.2 The Kerr-Schild Ansatz

The idea of the Kerr-Schild ansatz is to find an extra relation, apart from the null

condition, an simplify the equation of motion to just R̃µν = R
(1)
µν = 0.

In order to find this magic condition, we first explore the equation R = 0 which we

use to write Rµν = 0. The expression for the Ricci scalar is

R = R̃ +R(1) +R(2) = 0 . (2.13)

where the quadratic part is given by

R(2) =
1

2
φ2lν∇̃νl

ρlµ∇̃µlρ . (2.14)

While apriori the powers of the Ricci scalar could higher than the Ricci due to the

extra inverse metric R = Rµν(g̃
µν − κφlµlν), it is straightforward to prove that the

Ricci scalar is at most quadratic. Therefore, at this point we could impose the

condition

lν∇̃νl
ρlµ∇̃µlρ = 0 (2.15)

or simply

lν∇̃νl
ρ = 0 . (2.16)

With these ideas in mind, let’s explore now the cubic contributions of the Ricci

tensor to decide what to impose. The important thing here is that we would like to

include an extra condition to make the equation linear in the kappa parameter, but

we would not like to eliminate all the dynamics and just have the trivial R̃µν = 0.

We want to keep some non-trivial physics, but simple.

The cubic contributions to the Ricci tensor are given by

R(3)
νσ = −1

2
φ3lσ∇̃σl

ρlµ∇̃µlρlνlσ , (2.17)
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so both conditions eliminate this contribution. Let’s move to the quadratic terms,

R(2)
νσ =

1

2
∇̃µ∇̃ρφφl

µlρlνlσ +
1

2
∇̃µφ∇̃ρl

ρφlµlνlσ + ∇̃µφ∇̃ρlνφl
µlρlσ

+∇̃µφ∇̃ρlσφl
µlρlν +

1

2
∇̃µ∇̃ρlνφφl

µlρlσ +
1

2
∇̃µl

µ∇̃ρlνφφl
ρlσ

+
1

2
∇̃µlν∇̃γlσφφl

µlγ +
1

2
∇̃µ∇̃ρlσφφl

µlρlν +
1

2
∇̃µl

µ∇̃ρlσφφl
ρlν

−1

2
∇̃ν∇̃µl

ρφφlµlσlρ −
1

2
∇̃νl

µ∇̃ρlµφφl
ρlσ −

1

2
∇̃µφ∇̃ρl

µφlρlνlσ

−1

2
∇̃µl

ρ∇̃ρl
µφφlνlσ +

1

2
∇̃µl

ρ∇̃µlρφφlνlσ . (2.18)

Some of the terms can still be simplified by using ∇̃ν∇̃µl
ρlρ = −∇̃µl

ρ∇̃lρ but still we

see that the most efficient way to simplify this expression is to impose the relation

(2.16), which is called the geodesic condition.

It is important to notice at this point that we do not need R
(2)
µν = 0 but

R(2)
µν ∝ R(1)

µν . (2.19)

When we impose the geodesic condition and simplify R
(2)
νσ we obtain,

R(2)
νσ =

1

2
∇̃µ∇̃ρφφl

µlρlνlσ +
1

2
∇̃µφ∇̃ρl

ρφlµlνlσ

−1

2
∇̃µl

ρ∇̃ρl
µφφlνlσ +

1

2
∇̃µlλ∇̃µlλφφlνlσ (2.20)

while the linear EOM is

R(1)
νσ =

1

2
∇̃µ∇̃νφl

µlσ +
1

2
∇̃µ∇̃νlσφl

µ +
1

2
∇̃µ∇̃νl

µφlσ +
1

2
∇̃µ∇̃σφl

µlν

+
1

2
∇̃σφ∇̃µl

µlν +
1

2
∇̃µ∇̃σlνφl

µ +
1

2
∇̃µφ∇̃σlνl

µ +
1

2
∇̃σlν∇̃ρl

ρφ

+
1

2
∇̃µ∇̃σl

µφlν +
1

2
∇̃µφ∇̃σl

µlν +
1

2
∇̃σl

µ∇̃µlνφ− 1

2
□̃φlνlσ

−∇̃µφ∇̃µlνlσ − ∇̃µφ∇̃µlσlν −
1

2
□̃lνφlσ − ∇̃γlν∇̃γlσφ

−1

2
□̃lσφlν +

1

2
∇̃µφ∇̃νl

µlσ +
1

2
∇̃µφ∇̃νlσl

µ +
1

2
∇̃νφ∇̃µl

µlσ

+
1

2
∇̃νlσ∇̃ρl

ρφ+
1

2
∇̃νl

µ∇̃µlσφ , (2.21)

At this point it is straightforward to prove that

R(2)
νσ = φl(σ|l

ρR
(1)
ρ|ν) , (2.22)

50



and therefore we have proved that the Kerr-Schild ansatz produce linear equations

in κ, a very powerful result in GR. There are several famous solutions that can be

cast in the Kerr-Schild form: Schwarzschild, Kerr and Kerr-Newman black holes,

pp-waves solutions and Taub-Nut, for example, are common GR solutions that can

be cast in the Kerr-Schild form.

2.1.3 Killing Vectors and the Double Copy

We assume that the geometry admits one Killing vector ξµ such that the Lie deriva-

tive Lξ acting on an exact field vanishes,

LξTµ1µ2µ3... = 0 (2.23)

where Tµ1µ2µ3... is an arbitrary tensor. Moreover we choose a coordinate system

where ξµ is covariantly constant, i.e.,

∇oµξν = ∇o[µξν] = 0 , (2.24)

and then condition (2.23) is

ξµ∇oµTµ1µ2µ3... = 0 . (2.25)

We normalize the null vectors to satisfy,

ξµlµ = 1 . (2.26)

In order to obtain the single copy we first contract the linear equation of motion for

the metric tensor with ξµ,

ξνR(1)
νσ =

1

2
∇̃µ∇̃σφl

µ +
1

2
∇̃σφ∇̃µl

µ

+
1

2
∇̃µ∇̃σl

µφ+
1

2
∇̃µφ∇̃σl

µ − 1

2
□̃φlσ

−∇̃µφ∇̃µlσ −
1

2
□̃lσφ = 0 . (2.27)
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2.1.4 The Maxwell Equation Appears!

Let’s group the terms of the previous expression as

ξνR(1)
νσ =

1

2
∇̃µ∇̃σ(φlµ)−

1

2
□̃(φlσ) = 0 . (2.28)

Now we simply make the formal identification

Aµ = φlµ , (2.29)

and we obtain

ξνR(1)
νσ =

1

2
∇̃µ∇̃σ(Aµ)−

1

2
□̃(Aσ) =

1

2
∇̃µFσµ = 0 . (2.30)

The previous equation proves that any solution to the vacuum Maxwell equation

can be translated to a gravitational Kerr-Schild background with an isometry, given

by the Killing vector ξµ.

In the next part, we will reverse the idea of the single copy. We will start from a

gauge theory (our examples will cover Maxwell, Yang-Mills and DFDF), and we will

obtain different formulations of gravity.

2.2 Part B: Off-shell Double Copy for Yang-Mills

Now we will reverse the logic of the last section and, more importantly, we will:

– extend the gauge theory to Yang-Mills.

– match the gauge theory with the gravitational theory at the level of the action.

The fundamental interactions in nature, as far as currently known, are described by

Yang–Mills gauge theories and, at first sight, gauge theory and gravitational theories

have actions with very different structures and their perturbative expansions behave

in very different ways. In particular, when general relativity is treated as a quan-

tum field theory and expanded perturbatively around flat space-time, the resulting

interactions are notoriously complicated and the theory is non-renormalizable. This
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stands in sharp contrast with Yang–Mills theory, whose perturbation theory is by

now well understood and under excellent theoretical control.

Despite these differences, remarkable evidence accumulated over the past decades

suggests that gauge theory and gravity may be far more closely related than their

Lagrangians initially suggest. One of the most striking manifestations of this rela-

tionship is the Bern–Carrasco–Johansson (BCJ) double copy, which expresses scat-

tering amplitudes in gravity as a kind of “square” of Yang–Mills amplitudes. The

key observation behind this construction is that Yang–Mills amplitudes can be re-

organized in a special way. In such a representation, the contributions associated

with the gauge group—known as color factors—appear on the same footing as the

purely kinematical numerator factors, which depend on momenta and polarization

data.

Remarkably, these kinematic numerators can be arranged to satisfy algebraic rela-

tions analogous to the Jacobi identities. This property is known as color–kinematics

duality. Once this duality is achieved, a simple but powerful operation becomes

possible: replacing the color factors by another copy of the kinematic numerators

produces scattering amplitudes in gravity. In other words, gravity amplitudes can

be obtained as an on-shell “double copy” of the gauge-theory building blocks. From

the traditional perspective of starting with the Einstein–Hilbert Lagrangian and ap-

plying textbook perturbation theory, the same gravity amplitudes are vastly more

complicated to compute.

Formal proofs of the double-copy construction exist at tree level, using several

complementary approaches. At loop level, while a general proof is still lacking, a

large body of evidence has accumulated through explicit constructions of multi-loop

amplitudes. The double copy is now a central element of the modern scattering-

amplitude program, which often departs from the traditional textbook formulation

of quantum field theory.

Because of this on-shell perspective, one might not expect the double copy to man-

ifest itself directly at the level of an action. Nevertheless, recent work suggests that
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such a formulation may indeed exist. In particular, in 2021 Hohm, Jaramillo-Dı́az,

and Plefka (HJP) showed that it is possible to reproduce the full quadratic Ein-

stein–Hilbert Lagrangian, as well as a gauged version of the cubic action, within

a framework inspired by the double-copy structure. In this section we will review

these results and discuss how they provide a promising step toward understanding

the double copy directly at the level of field-theory actions.

2.2.1 HJP: Quadratic Theory

We start from the action for Yang-Mills theory in D dimensions,

SYM = −1

4

∫
dDxκij F

µν iFµν
j , (2.31)

where Fµν
i = ∂µAν

i−∂νAµ
i+gYMf i

jkAµ
jAν

k ,. The quadratic order in fields action,

after integration by parts, is given by

S
(2)
YM =

1

2

∫
dDxκij A

µi
(
□Aµ

j − ∂µ∂
νAν

j
)
. (2.32)

This action is the Maxwell action, so in principle, we will try to reverse the logic

of the previous section to try to obtain Einstein-Hilbert. In order to construct the

double copy map we need to pass to momentum space. Defining

Aµ
i(k) ≡ 1

(2π)D/2

∫
dDxAµ

i(x)eikx (2.33)

Aµ
i(x) ≡ 1

(2π)D/2

∫
dDkAµ

i(k)e−ikx , (2.34)

the quadratic action can be written as

S
(2)
YM = −1

2

∫
k

dDkκij k
2Πµν(k)Aµ

i(−k)Aν
j(k) , (2.35)

where

Πµν(k) ≡ ηµν − kµkν

k2
. (2.36)

The only extra equation that you will need to explicitly prove the quadratic action

is ∫
ddxe−i(k+p)x = (2π)Dδ(D)(k + p) . (2.37)
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The operator Π(µν) obeys the following identities:

Πµν(k)kν ≡ 0 , ΠµνΠνρ ≡ Πµ
ρ . (2.38)

The first relation implies gauge invariance under

δAµ
i(k) = kµλ

i(k) , (2.39)

where the gauge parameter λi(k) is an arbitrary function. This transformation will

be soon related to linearized diffeomorphism in a suitable way, so the resulting

gravity theory will be invariant under linearized diffeomorphisms.

Let us now turn to the double copy construction: We will replace the color indices

a by a second set of spacetime indices denoted by a bar, i → µ̄, corresponding to a

second set of spacetime momenta k̄µ̄:

Aµ
i(k) → eµµ̄(k, k̄) . (2.40)

At first glance one might be tempted to identify the second set of spacetime indices

with the first one, but let’s keep it arbitrary, for the moment. Since the gauge

group is arbitrary, let’s assume that the dimension of the gauge group is adequate

to perform this identification.

To complete the double copy map at this order we need to define a substitution rule

for the Cartan-Killing metric κij. Motivated by the YM × YM structure we choose:

κab → 1

2
Π̄µ̄ν̄(k̄) , (2.41)

where Π̄µ̄ν̄ is defined as in (2.36), but with all momenta replaced by barred momenta

and all indices replaced by barred indices.

The quadratic gravity action following from this double copy (DC) prescription then

reads

S
(2)
DC = −1

4

∫
k,k̄

k2Πµν(k)Π̄µ̄ν̄(k̄)eµµ̄(−k,−k̄)eνν̄(k, k̄) . (2.42)

Let’s observe that now the field eµµ̄ depends on doubled momenta K ≡ (k, k̄).

Moreover, the momenta k and k̄ enter the action on the same footing, except that
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we have chosen the factor in front to be k2 rather than k̄2, but this asymmetry is

resolved with the level-matching constraint

k2 = k̄2 , (2.43)

where two copies of the same flat space-time metric are used to take the square. In

order to lead to the Einstein-Hilbert action, we thus have to assume that the doubled

momenta are subject to this constraint (which does have more general solutions

than the trivial k = k̄ for which the theory reduces to a standard linearized gravity

theory). We also note that, due to the first identity in (2.38), the action is manifestly

gauge invariant under

δeµν̄ = kµλ̄ν̄ + k̄ν̄λµ , (2.44)

with two independent gauge parameters λµ and λ̄µ̄ that depend on doubled momenta

K ≡ (k, k̄), subject to (2.43). Here it is important to mention that we are not

obtaining the symmetry rule from the identification itself. We will comment on this

when we analyze the cubic contributions.

We will now show that (2.42) is indeed equivalent to linearized gravity. Writing out

the projectors with (2.36) and using the level-matching constraint (2.43) the action

reads

S
(2)
DC = −1

4

∫
k,k̄

(
k2eµν̄eµν̄ − kµkρeµν̄eρ

ν̄ − k̄ν̄ k̄σ̄eµν̄e
µ
σ̄

+
1

k2
kµkρk̄ν̄ k̄σ̄eµν̄eρσ̄

)
. (2.45)

In order to compare with the standard Einstein-Hilbert action we have to Fourier

transform to (doubled) position space. This is straightforward except for the last

term in (2.45), which due to the factor 1
k2

would yield a non-local term. This problem

is resolved by introducing an auxiliary scalar field ϕ(k, k̄) (the dilaton):

S
(2)
DC = −1

4

∫
k,k̄

(
k2eµν̄eµν̄ − kµkρeµν̄eρ

ν̄ − k̄ν̄ k̄σ̄eµν̄e
µ
σ̄

− k2ϕ2 + 2ϕ kµk̄ν̄eµν̄

)
. (2.46)

Integrating out ϕ by solving its own field equations,

ϕ =
1

k2
kµk̄ν̄eµν̄ , (2.47)

56



and back-substituting into the action we recover the non-local (2.45). Alternatively,

without integrating out fields, one may redefine the dilaton as ϕ → ϕ′ = ϕ −
1
k2
kµk̄ν̄eµν̄ , which decouples ϕ′ from eµν̄ . The action (2.46) is of course still gauge

invariant, with a gauge transformation for ϕ that is determined by the variation of

(2.47):

δϕ = kµλ
µ + k̄µ̄λ̄

µ̄ , (2.48)

where we used (2.43). With the action in the form (2.46) it is then straightforward

to Fourier transform to a local action in doubled position space:

S
(2)
DC =

1

4

∫
dDx dDx̄

(
eµν̄□eµν̄ + ∂µeµν̄ ∂

ρeρ
ν̄

+ ∂̄ ν̄eµν̄ ∂̄
σ̄eµσ̄ − ϕ□ϕ+ 2ϕ∂µ∂̄ ν̄eµν̄

)
, (2.49)

where ∂µ = ∂
∂xµ and ∂̄µ̄ = ∂

∂x̄µ̄ are the partial derivatives corresponding to the

coordinates that are dual to kµ and k̄µ̄ and hence by (2.43) subject to the constraint

□ ≡ ∂µ∂µ = ∂̄µ̄∂̄µ̄ . (2.50)

The gauge transformations (2.44) and (2.48) translate in doubled position space to

δeµν̄ = ∂µλ̄ν̄ + ∂̄ν̄λµ ,

δϕ = ∂µλ
µ + ∂̄µ̄λ̄

µ̄ ,
(2.51)

under which (2.49) is invariant, modulo the constraint (2.50). The action (2.49)

defines precisely the standard quadratic Einstein-Hilbert action upon setting x = x̄.

Let’s explicitly show it. Let’s remember the quadratic Einstein-Hilbert action,

SE−H ∝
∫

d4x(R(2)
νσ η

σν +R(1)
νσ (

1

2
hησν − hσν)) , (2.52)

were ∝ means that we are omitting a minus global sign. Let’s compute the first

term from the previous Lagrangian considering

R(2)ρ
σµν = 2∂[µΓ

(2)ρ
ν]σ + 2Γ

(1)ρ
λ[µ Γ

(1)λ
ν]σ . (2.53)

The contraction R
(2)
σν ησν gives

−1

2
h∂β∂νhνβ +

1

4
h□βh+

1

2
hνα∂λ∂

αhνλ − 1

4
hνλ□hνλ . (2.54)
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On the other hand, R
(1)
νσ (12hη

σν − hσν) gives

R(1)
νσ (

1

2
hησν − hσν) = h∂β∂νhνβ −

1

2
h□βh− hνα∂λ∂

αhνλ +
1

2
hνλ□hνλ (2.55)

The sum of the previous quantities gives the following Lagrangian,

L
(2)
E−H =

1

2
h∂β∂νhνβ −

1

4
h□h− 1

2
hνα∂λ∂

αhνλ +
1

4
hνλ□hνλ . (2.56)

We compare the previous Lagrangian with

L
(2)
DC =

1

4

(
eµν□eµν + ∂µeµν ∂

ρeρ
ν + ∂νeµν ∂

σeµσ − ϕ□ϕ+ 2ϕ∂µ∂νeµν

)
, (2.57)

where eµν = hµν and ϕ = h. Explicitly (and using partial integration),

L
(2)
DC =

1

4

(
hµν□hµν − 2hµν ∂

µ∂ρhρ
ν − h□h+ 2h∂µ∂νhµν

)
. (2.58)

Therefore, we can see that the quadratic Einstein-Hilbert Lagrangian can be obtain

by considering the off-shell double copy prescription of Hohm, Jaramillo-Diaz and

Plefka. In the next section we will partially extend this results to cubic order.

2.2.2 HJP: Cubic (gauged-fixed) theory

We now turn to the cubic Yang-Mills theory and we will extend the double copy

construction to the cubic action of EH under a particular gauge fixing condition.

The cubic part of the Yang-Mills action (2.31) reads

S
(3)
YM = −gYM

∫
dDx fijk ∂

µAνa Aµ
bAν

c . (2.59)

Upon Fourier transforming to momentum space this becomes

S
(3)
YM =

igYM

(2π)D/2

∫
k1,k2,k3

δ(k1 + k2 + k3)fijkk
µ
1A

ν i
1 A2µ

jA3ν
k , (2.60)

where we use the short-hand notationAi ≡ A(ki), and we performed the x-integration,

introducing the delta function. It is convenient to write this more symmetrically as

S
(3)
YM = − igYM

6(2π)D/2

∫
k1,k2,k3

δ(k1 + k2 + k3) (2.61)

× fijk Π
µνρ(k1, k2, k3)A1µ

iA2ν
jA3ρ

k ,
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where we defined

Πµνρ(k1, k2, k3) ≡ ηµνkρ
12 + ηνρkµ

23 + ηρµkν
31 , (2.62)

with kij ≡ ki − kj.

Our task now is to give the double copy prescription that extends (2.40), (2.41) to

the cubic theory. The natural substitution rule is

fabc → i
4
Π

µνρ
(k1, k2, k3) . (2.63)

Together with gYM → 1
2
, this gives the cubic action

S
(3)
DC =

1

48(2π)D/2

∫
dK1dK2dK3 δ(K1 +K2 +K3)

× Π
µνρ

(k1, k2, k3)Π
µνρ(k1, k2, k3) e1µµ e2 νν e3 ρρ ,

where we use the short-hand notation ei µµ ≡ eµµ(Ki), with K ≡ (k, k̄) for doubled

momenta, and dK ≡ d2DK. Writing out Πµνρ and Π̄µ̄ν̄ρ̄ yields nine terms which,

upon relabeling momentum variables and indices, reduce to two terms, and then

writing out kij = ki − kj the action becomes

S
(3)
DC =

1

8(2π)D/2

∫
dK1dK2dK3 δ(K1 +K2 +K3)

× e1µµ

[
− kµ

2 e2 ρρ k
µ

3 e
ρρ
3 + kµ

2 e2 νρ k
ρ

3 e
νµ
3 + kρ

2 e
µρ
2 k

µ

3 e3 ρρ + kµ
2 k

µ

2 e2 ρρ e
ρρ
3

− k2 ρ e
µρ
2 k3 ρ e

ρµ
3 − kρ

2 k
µ

2 e
µρ
2 e3ρρ

]
. (2.64)

Fourier transforming to position space and integrating by parts, we finally obtain

S
(3)
DC =

1

8

∫
dDx dDx eµµ

[
2∂µeρρ ∂

µ
eρρ − 2∂µeνρ ∂

ρ
eνµ − 2∂ρeµρ ∂

µ
eρρ

+ ∂ρeρρ ∂
ρ
eµµ + ∂ρe

µρ ∂ρe
ρµ
]
.

In the following we will prove that this action agrees precisely with the cubic

Einstein-Hilbert action upon imposing a gauge fixing condition. For simplicity,

we will use the TT gauge (∂µh
µν = h = 0), so the HJP Lagrangian is given by

L
(3)
HJP =

1

4
∂µhρβ∂

αhρβhµα − 1

2
∂µhνβ∂

βhναhµα . (2.65)
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The full cubic EH Lagrangian is given by

L
(3)
EH = 2∂σ

γhσλhν
γhνλ −□hγλhν

γhνλ + 2∂νhν
σ∂γhσλh

γλ

+∂µνhρσh
µρhνσ − ∂µνhρσh

µνhρσ − ∂νhν
σ∂σhγλh

γλ

+∂νhνγ∂
σhσλh

γλ − ∂ρσhh
ρ
νh

νσ − ∂ρh∂
νhνσh

ρσ

−∂νh∂ρhνσh
ρσ − 3

4
∂γh

νσ∂λhνσh
γλ − 3

2
∂νhσ

γ∂νhσλh
γλ

+
1

2
∂νh∂νhρσh

ρσ +
1

4
∂µh∂νhh

µν +
1

2
∂νhσ

γ∂σhνλh
γλ

+∂νhσ
γ∂λhνσh

γλ − ∂ν
ρhνσhh

ρσ +
1

2
□hρσhh

ρσ

−1

2
∂νhν

σ∂λhσλh+
1

2
∂µνhhh

µν +
1

2
∂νh∂σhνσh

+
3

8
∂νhσλ∂νhσλh− 1

8
∂νh∂νhh− 1

4
∂νhσλ∂σhνλh

+
1

8
∂νσhνσh

2 − 1

8
□hh2 − 1

4
∂νσhνσhγλh

γλ

+
1

4
□hhρσh

ρσ (2.66)

and in the TT-gauge the previous expression simplifies and we obtain

L
(3)
EH =

1

4
∂µhρβ∂

αhρβhµα − 1

2
∂µhνβ∂

βhναhµα − 1

4
□hσ

γhσλh
γλ . (2.67)

We can see an extra term in the Einstein-Hilbert Lagrangian, proportial to the

linearized Ricci scalar

−1

4
□hσ

γhσλh
γλ =

1

4
R(1)σ

γhσλh
γλ . (2.68)

Since the quadratic Lagrangian is given by

L
(2)
EH = R(1)

µν h
µν (2.69)

we can eliminate all the cubic terms proportional to the linearized Ricci tensor by

using a redefinition in the perturbation. Therefore, using the TT-gauge, we can

explicitly prove the equivalence between Einstein-Hilbert and Yang-Mills (using the

off-shell double copy map) up to cubic order in perturbations.

In the next section we will use the same HJP technique, but our starting point will

be a higher-derivative theory (DFDF) which its double copy map is related to Weyl

gravity.
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2.3 Part C: Off-shell double copy for DFDF

2.3.1 LMR: Quadratic theory

Now we proceed to study the DFDF theory under the off-shell double copy pre-

scription. It was demonstrated that, at the level of amplitudes, the double copy

of

L =
1

2
κabDµF

µνaDρF
ρ
ν
b , (2.70)

its related to Weyl gravity. The main idea of this section is to explore if this resulting

double copy presents a structure that can be interpreted from the double geometry

framework and in an off-shell program.

Considering the gauge covariant derivative defined as

DρFµν
a = ∂ρFµν

a + gYMf
a
bcAρ

bFµν
c. (2.71)

The expansion of the action (2.70) up to quadratic terms and its subsequent inte-

gration by parts becomes

S
(2)
HD =

1

2

∫
dDxκab□Aµa

(
□Aµ

b − ∂µ∂
νAν

b
)
. (2.72)

This expression is interesting because it contains the quadratic expansion of the

pure Yang-Mills action. Going to momentum space it becomes

S
(2)
HD = −1

2

∫
k

κab k
4Πµν(k)Aµ

a(−k)Aν
b(k) , (2.73)

After imposing the double copy relations (2.40) and (2.41) on the previous action,

we obtain

S
(2)
HD/DC = −1

4

∫
k,k̄

k4Πµν(k)Π̄µ̄ν̄(k̄)eµµ̄(−k,−k̄)eνν̄(k, k̄), (2.74)

which, not surprisingly, takes the same form as the Yang-Mills case except for the ad-

ditional k2 contribution. However, this additional contribution avoids the emergence

of non-local terms in the action as we can observe after expanding the projectors

S
(2)
HD/DC =− 1

4

∫
k,k̄

k2
(
k2eµν̄eµν̄ − kµkρeµν̄eρ

ν̄

− k̄ν̄ k̄σ̄eµν̄e
µ
σ̄ +

1

k2
kµk̄ν̄kρk̄σ̄eµν̄eρσ̄

)
, (2.75)
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and hence the introduction of auxiliary fields is not necessary. Transforming the

last expression to doubled position space we find the following higher-derivative

contributions

S
(2)
HD/DC =− 1

4

∫
dDxdDx̄

[
□eµν̄□eµν̄ −□eµν̄∂µ∂

ρeρν̄

−□eµν̄ ∂̄ν̄ ∂̄
σ̄eµσ̄ + ∂µ∂̄ ν̄eµν̄∂

ρ∂̄σ̄eρσ̄

]
. (2.76)

This action can be understood as a higher-derivative extension of DFT with con-

formal symmetry in the double space (in a classical sense). To clarify this point,

we are going to explore the conformal gravity action up to quadratic order for

gµν = ηµν + hµν ; we obtain

S
(2)
CG =

D − 3

D − 2

∫
dDx [(□hµν□hµν − 2□hµν∂µ∂

ρhρν

+ ∂µ∂νhµν∂
ρ∂λhρλ

)
− 1

D − 1
(□h− ∂µ∂νh

µν)2
]
. (2.77)

The second term in (2.77) can be removed by imposing a particular gauge fixing

condition □h = ∂µ∂νh
µν , related to dilatation symmetry δhµν = −2λDηµν . It is

straightforward to prove that, after setting x = x̄ and properly rescaling the metric

(and/or considering a particular volume for the double space when we integrate),

in the pure gravity case (eµν̄ ∼ hµν) the action (2.83) reduces to (2.77).

While so far the results are promising, we would like to obtain the full quadratic

action beyond any gauge fixing condition. In order to address this limitation we

will couple a charged scalar field to the initial gauge theory. The full gauge model

that we will consider is given by

L = a1κabDµF
µνaDρF

ρ
ν
b + a2κ

αβDµϕαD
µϕβ

+a3fabcFµ
νaFν

λbFλ
µc + a4C

α
abϕαFµν

aF µνb

+a5d
αβγϕαϕβϕγ , (2.78)

where the ai are real coefficients to be determined. The scalar field transforms

under the action of the same gauge group but in the real representation, denoted by

color indices α, β, . . . , and it is allowed to interact with the gauge field Aµ
a. This
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model is related to the DC of Weyl gravity at the level of scattering amplitudes.

The coefficients Cαab play the role of Clebsch–Gordan coefficients, mediating the

coupling between the scalar and the gauge sector, while dαβγ is a totally symmetric

tensor. These objects are inplicitly defined through the relations

CαabCαcd = facef ebd + fadef ecb ,

Cαabdαβγ = (T a
R)

βα(T b
R)

αγ + CβacCγcb + (a ↔ b) ,

which ensure consistency with the gauge symmetry and determine the structure of

the interactions in terms of the underlying group theory. Starting from the theory

proposed in (2.78), the only source of quadratic contributions comes from the kinetic

terms of the two fundamental fields. Specifically, we have:

L(2) = 4a1κab∂µ∂
[µAν]a∂ρ∂[ρAν]

b + a2κ
αβ∂µϕα∂

µϕβ . (2.79)

We integrate by parts and then transform this action into momentum space, yielding:

S
(2)
DC = −

∫
dDk

[
a1k

4κabΠ
µν(k)Aµ

a(k)Ab
ν(−k)

+a2k
2καβϕα(k)ϕβ(−k)

]
. (2.80)

At this stage, it is necessary to identify the objects associated with the kinetic term

of the scalar field to complete the DC prescription for our model. This leads to

ϕα(k) −→ kµe
µν̄(k, k̄)− k̄ν̄Φ(k, k̄) , (2.81)

καβ −→ k̄µ̄k̄ν̄
k2

, (2.82)

where Φ(k, k̄) is the original scalar field incorporated by HJP. The identification

of the scalar field is strongly indicated by the missing quadratic terms which are

essential to completing the quadratic contributions of conformal gravity without

relying on a specific gauge.

The quadratic DC Lagrangian, after performing all the identifications, is given by

S
(2)
DC = −1

2

∫
dDxdDx̄ [a1 (□eµν̄□eµν̄ −□eµν̄∂µ∂

ρeρν̄

− □eµν̄ ∂̄ν̄ ∂̄
σ̄eµσ̄ + ∂µ∂̄ ν̄eµν̄∂

ρ∂̄σ̄eρσ̄
)

−2a2 (∂µ∂ν̄e
µν̄ −□Φ)

2
]
. (2.83)
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This action now includes new contributions coming from the DC of the scalar field

ϕα. We consider then the pure gravity limit, which demands to identify the coordi-

nates x and x̄. The previous action becomes

S
(2)
DC = −1

2

∫
dDx

[
a1 (□hµν□hµν − 2□hµν∂µ∂

ρhρν

+ ∂µ∂νhµν∂
ρ∂λhρλ

)
− 2a2 (□h− ∂µ∂νh

µν)2
]
,

which present the same structure that the quadratic contributions of the Weyl grav-

ity action. In fact, if we demand both actions to be the same, the coefficients a1, a2

are fixed as

a1 = −2

(
D − 3

D − 2

)
, (2.84)

a2 = − 1

(D − 1)

(
D − 3

D − 2

)
. (2.85)

It is notable, though expected, that the action vanishes in D = 3, as in three

dimensions, the Weyl tensor is identically zero. The new result presented here is

the emergence of terms with a non-zero coefficient a2, which arise from the scalar

field dynamics.

2.3.2 LR: Cubic theory

Once the quadratic contributions of our model have been obtained and the coeffi-

cients a1 and a2 have been calculated, ensuring that, in the pure gravity limit, the

model reduces to Weyl gravity, we are ready to proceed with the calculation of the

cubic theory. Now, we will use the full Lagrangian introduced in (2.78)

L = a1κabDµF
µνaDρF

ρ
ν
b + a2κ

αβDµϕαD
µϕβ

+a3fabcFµ
νaFν

λbFλ
µc + a4C

α
abϕαFµν

aF µνb

+a5d
αβγϕαϕβϕγ . (2.86)

In this Lagrangian, fabc are the structure constants of the gauge algebra, correspond-

ing to the adjoint representation in which the gauge field Aµ
a transforms. The scalar
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field ϕα is charged under a real representation R of the gauge group, whose genera-

tors are denoted by (T a
R)

αβ, and are assumed to be real and antisymmetric in its last

two indices. The indices α, β, γ corresponds to the real representation of the gauge

group and they have their own Cartan-Killing metric καβ. The gauge generators

satisfy

[Ta, Tb] = ifab
cTc , (2.87)

{Ta, Tb} =
1

N
δab + dab

cTc , (2.88)

while the trace of three generators is given by

Tr(TaTbTc) =
1

4
(dabc + ifabc) . (2.89)

The interaction terms involving the scalar field introduce additional group-theoretic

tensors. The coefficients Cαab play the role of Clebsch–Gordan coefficients, medi-

ating the coupling between the scalar and the gauge sector, while dαβγ is a totally

symmetric structure constant. These objects are inplicitly defined through the re-

lations

CαabCα
cd = facefe

bd + fadefe
cb ,

Cα
abdαβγ = (T a

R)
βα(T b

R)α
γ + Cβa

cC
γcb + (a ↔ b) ,

which ensure consistency with the gauge symmetry and determine the structure of

the interactions in terms of the underlying group theory.

The gauge covariant derivatives are defined as

DρFµν
a = ∂ρFµν

a + gfa
bcAρ

bFµν
c ,

Dµϕ
α = ∂µϕ

α − ig(T a
R)

αβAµaϕβ ,

with the Yang-Mills curvature defined in the standard way Fµν
a = 2∂[µAν]

a +

gfa
bcAµ

bAν
c.

Our goal in this section is to construct the gravitational cubic contributions arising

from the DC prescription of this model, determining the remaining coefficients a3,
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a4, and a5 in the same way as we did for the quadratic terms. While analyzing the

full Lagrangian is a very ambitious task, we will focus on the case with vanishing

generalized dilaton

Φ(k, k̄) =
1

k2
kµk̄ν̄eµ

ν̄ = 0 . (2.90)

To construct a minimal proposal for the cubic Lagrangian of CDFT, we identify the

following quantities

fabc → i
a6
a1

(
ηµ̄ν̄ k̄ρ

12 + ην̄ρ̄k̄23
µ̄ + ηρ̄µ̄k̄ν̄

31

)
(2.91)

Cαab → ik̄µ̄
1 η

ν̄ρ̄ (2.92)

(T a
R)

αβAµa → iωµν̄ρ̄(k, k̄) , (2.93)

dαβγ → i

k̄2
k̄
(µ̄
1 k̄ν̄

2k
ρ̄)
3 , (2.94)

where kij = ki − kj. In (2.93) ωµν̄ρ̄ illustrates a natural correspondence between a

gauge connection and a spin connection for the generalized vielbein. In the above

identifications, the only object requiring an additional coefficient to fix its cubic

contributions is fabc. In this case, the coefficient a1 is inherited from the cubic

contribution of the DFDF term, which needs to be canceled. The identifications

(2.91)-(2.94) can be further extended to a more general form in agreement with

the index constrains that every object carries, which it would be convenient in a

more general set up thanks to extra coefficients. For our proposes we will show that

these identifications are enough to reproduce Weyl gravity in a particular (pure

gravitational) limit.

We observe that the Weyl tensor is non-trivial in D > 3 and therefore a−1
1 is well

defined. The identification (2.91) follows the same structure as in HJP, but the in-

clusion of the a1
a6

coefficients introduces a global factor in this identification, which is

crucial for reproducing Weyl gravity in arbitrary dimensions, as we will demonstrate

in the next part of this section.
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The minimal cubic DC Lagrangian with Φ = 0 is given by

S
(3)
DC|Φ=0 =

∫
dDx dDx̄(−a6

2
)
[
□∂ρ∂̄σ̄eµν̄e

µν̄eρσ̄ −□∂̄σ̄eµν̄∂
ρeµν̄eρσ̄ +□∂̄σ̄eµν̄∂

µeρν̄eρσ̄ −□∂̄σ̄eµν̄e
ρν̄∂µeρσ̄

−□eµν̄∂
µ∂̄σ̄eρν̄eρσ̄ +□eµν̄ ∂̄

σ̄eρν̄∂µeρσ̄ − ∂µ∂ρ∂λ∂̄σ̄eµν̄eρ
ν̄eλσ̄ + ∂µ∂ρ∂̄σ̄eµν̄∂

λeρ
ν̄eλσ̄

−∂ρ∂λ∂̄σ̄eµν̄∂
µeρ

ν̄eλσ̄ + ∂ρ∂λ∂̄σ̄eµν̄eρ
ν̄∂µeλσ̄ + ∂ρ∂λeµν̄∂

µ∂̄σ̄eρ
ν̄eλσ̄ − ∂ρ∂λeµν̄ ∂̄

σ̄eρ
ν̄∂µeλσ̄

−∂̄ν̄ ∂̄σ̄∂̄κ̄∂ρeµν̄e
µ
σ̄eρκ̄ + ∂̄ν̄ ∂̄σ̄∂̄κ̄eµν̄∂

ρeµσ̄eρκ̄ + ∂̄ν̄ ∂̄σ̄eµν̄ ∂̄
κ̄∂µeρσ̄eρκ̄ − ∂̄ν̄ ∂̄σ̄eµν̄ ∂̄

κ̄eρσ̄∂
µeρκ̄

]
+a2∂

σ∂λe
λϵ̄ω

(1)
σϵ̄τ̄∂ϵe

ϵτ̄ + 3a3
[
∂µe

νρ̄∂ρ̄∂νe
λ
ϵ̄∂λe

µϵ̄ − ∂µe
νρ̄∂νe

λ
ϵ̄∂ρ̄∂λe

µϵ̄
]

−3a3
[
∂µ∂ϵ̄e

νρ̄∂νe
λ
ρ̄∂

µeλ
ϵ̄ − ∂µe

νρ̄∂ϵ̄∂νe
λ
ρ̄∂

µeλ
ϵ̄
]
− 3a3

[
∂µe

νρ̄∂ν∂ρ̄e
λσ̄∂µeλσ̄ − ∂µe

νρ̄∂νe
λσ̄∂µ∂ρ̄eλσ̄

]
−3a3

[
∂µe

νρ̄∂νe
λϵ̄∂µ∂ϵ̄eλρ̄ − ∂µ∂ϵ̄e

νρ̄∂νe
λϵ̄∂µeλρ̄

]
+ a4∂µ̄∂ϵe

ϵµ̄∂[σeλ]
ν̄∂λeσν̄ , (2.95)

where the notation ω
(1)
µµ̄ν̄ refers to the first order perturbation of the connection. It

is possible to see that the Lagrangian (2.78) produces terms proportional to the

generalized dilaton associated to the coefficient a5, and therefore this coefficient

does not appear in this Lagrangian. To determine the remaining coefficients, we

will compare (2.95) with the cubic contributions of Weyl gravity.

We will perform this analysis under the assumption of a vanishing wave equation

□hµν = 0 and the traceless condition h = 0. Given these conditions, the gener-

alized dilaton will not contribute to the gravitational terms after parametrization.

Furthermore, our method cannot fix the coefficient a5, as its contributions depend

solely on the generalized dilaton, which vanishes in this case.

In the next section, we will demonstrate that this method is sufficiently robust to

uniquely determine the coefficients a3, a4 and a6.

2.3.3 Fixing the coefficients when Φ = 0

The cubic contributions for Weyl gravity are given by

S
(3)
CG =

∫
dDx

[
1

2
hC

(1)
µνρλC

(1)µνρλ − 4hµνC
(1)
µρλσC

(1)
ν

ρλσ + 2C
(2)
µνρλC

(1)µνρλ

]
. (2.96)

Imposing the conditions

□hµν = h = 0 , (2.97)

which are fully compatible with Φ = 0, and performing a series of integrations by

parts with the help of CADABRA, the cubic Lagrangian can be reduced to the
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following two contributions,

L(3) = f(D)∂δ∂λh
ϵλ∂νhνσ∂ϵh

σδ ,

+g(D)∂µ∂σh
µ
ϵ∂δ∂λh

σϵhδλ , (2.98)

where

f(D) =
−2(D − 3)(11D + 15)

5(D − 2)(D − 1)
,

g(D) =
(D − 3)(34D + 5)

5(D − 2)(D − 1)
. (2.99)

As before, we find that D = 3 is the only physically meaningful root of both f(D)

and g(D), consistent with the physical interpretation of the Weyl tensor. When the

double conformal model (2.95) is parametrized and restricted to the pure gravita-

tional limit, it takes the following form

L
(3)
DC = −(

a6
4

+ 3a3)∂δ∂λh
ϵλ∂νhνσ∂ϵh

σδ

+
15

4
a6∂µ∂σh

µ
ϵ∂δ∂λh

σϵhδλ

+(−a6 +
a4
2
)∂µ∂ϵh

µϵ∂σhλν∂
νhσλ) . (2.100)

Therefore, the coefficients are uniquely fixed as

a3 = − 1

45
g(D)− 1

3
f(D) , (2.101)

a4 = 2a6 =
8

15
g(D) . (2.102)

The preceding identifications determine the double action (2.95), which represents

the full cubic CDFT with a vanishing generalized dilaton. In (2.102), we observe the

necessity of the a6 coefficient in identifying the structure constants. Additionally,

we note that both the F 3 term and the interaction term between the gauge field

and the scalar field are essential for reproducing Weyl gravity in this limit.

2.4 Exercices

2.4.1 Part A

1. Consider the relaxed form of the Kerr-Schild ansatz with a null vector lµ, but

without imposing the geodesic equation. Prove that the connection is shifted by a
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tensor, by explicitly obtaining the tensor Γ̃ρ
µν .

2. Prove that in the relaxed form of the Kerr-Schild de Ricci tensor contains cubic

contributions which are non-vanishing, but the cubic contributions of the Ricci

scalar.

3. Prove that the quadratic terms in the EOM are proportional to the linear terms,

i.e.,

R(2)
νσ = φl(σ|l

ρR
(1)
ρ|ν) .

This is a nice proof for using CADABRA. Check appendix C for some hints with

the code.

4. Let’s explore the family of gravitational solutions that can be obtained by

considering a relaxed Kerr-Schild ansatz (null condition) but also satisfying∇µl
ν = 0

and lµ∇µφ = 0, which is stronger than geodesic condition. Find the explicit form

of the linear equation of motion contracted with the Killing vector.

5. One example of the previous family of solutions is the pp-wave in Brinkmann

(light-cone) coordinates (u, v, x, y) where the propagation is in the v direction and

the full metric is

ds2 = 2dudv + dx2 + dy2 + φ(u, x, y)du2 .

The first three terms are a Minkowski metric (constant background) and its inverse

metric, ηµν has the following non-vanishing components:

ηuv = ηvu = 1, ηxx = ηyy = 1.

Using lµ = (0, 1, 0, 0) and lµ = (1, 0, 0, 0), prove that the equation of motion con-

tracted with the Killing vector reduces to a 2D Laplace equation,

∂2
xφ+ ∂2

yφ = 0 . (2.103)

6. Find the condition that a Kerr-Schild solution requires to satisfy F 2 = 0 after

imposing the single copy map. Does the pp-wave satisfy this condition?

69



2.4.2 Part B

1. Show that the quadratic YM action can be written as

S
(2)
YM = −1

2

∫
k

dDkκij k
2Πµν(k)Aµ

i(−k)Aν
j(k) ,

in momentum space.

2. Expand the double copy action

S
(2)
DC = −1

4

∫
k,k̄

k2Πµν(k)Π̄µ̄ν̄(k̄)eµµ̄(−k,−k̄)eνν̄(k, k̄) ,

and transform it back to configuration space to finally obtain (2.45).

3. Let’s include an extra scalar field in the identification of ϕ. In other words,

use ϕ = h+ aφ (a arbitrary) and show that the quadratic double copy procedure of

HJP produce a cinetic term for the new scalar field φ if we impose the TT-gauge at

this order.

4. While the natural identification for the structure constant is the 3-vertex oper-

ator,

fabc → i
4
Π

µνρ
(k1, k2, k3) . (2.104)

there are other possibilities for this identification. Assign arbitrary coefficients to

them and construct the most general identification for the structure constant.

5. Prove that it is possible to match cubic Einstein-Hilbert from cubic Yang-Mills

by imposing the double copy map and the Harmonic gauge.

2.4.3 Part C

1. Show that the quadratic DFDF action can be written as

S
(2)
HD = −1

2

∫
k

κab k
4Πµν(k)Aµ

a(−k)Aν
b(k) ,

in momentum space.

2. Expand the double copy action

S
(2)
HD/DC = −1

4

∫
k,k̄

k4Πµν(k)Π̄µ̄ν̄(k̄)eµµ̄(−k,−k̄)eνν̄(k, k̄),

and transform it back to configuration space to finally obtain (2.83).
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3. Let’s include an extra scalar field in the identification of Φ. In other words, use

ϕ = h + aφ (a arbitrary) and show kind of higher-derivative Lagrangian produces

the quadratic double copy procedure of LR.

4. While the natural identification for the symmetric structure constant is given

by,

dabc → i
k2

k
(µ

1 k
ν

2k
ρ)

3 . (2.105)

there are other possibilities for this identification. Assign arbitrary coefficients to

them and construct the most general identification for the symmetric structure

constant.
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3 Lecture 3: T-duality Invariant Frameworks and

Their Relation to the Single and Double Copy

The idea of these lectures is to show the formal bridge that exist between gauge

theories and gravitational theories. In the lecture II, part A, we use the Kerr-Schild

ansatz in Einstein-Hilbert gravity and after multiplying by a particular killing vec-

tor, we manage to obtain the Maxwell equation. In lecture II part B, we reverse the

logic, and starting by Maxwell (quadratic Yang-Mills) we obtain quadratic Einstein-

Hilbert gravity in its TT-gauge form, and starting from cubic Yang-Mills we ob-

tained cubic Einstein-Hilbert under the same gauge. However, behind the double
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copy map there is more than gravity. There is matter. In this section we will show

that

−1

4
Tr

∫
x

(FµνF
µν)(2,3) →

∫
x

√
−g(R + 4∂µϕ∂

µϕ− 1

12
HµνρH

µνρ)(2,3) (3.1)

where ϕ and Hµνρ can be interpreted as matter fields. Particularly, ϕ is a scalar field

called ”the dilaton” and Hµνρ is the curvature of the two-form bµν = −bνµ (called

the Kalb-Ramond field) defined as

Hµνρ = 3∂[µbνρ] . (3.2)

The previous action can be obtained as the low energy limit of close string theory,

and it is known as the NSNS supergravity (even if there are no fermions involved,

we call it supergravity). In the next parts we will explore this theory, its T-duality

rewriting and its relation to the single and double copy program.

3.1 Part A: Introduction to supergravity

3.1.1 Action principle

The low-energy effective action depends on the string formulation under considera-

tion. The superstrings (type II A or type II B) contain bosons and fermions in their

spectrum and this is the main difference with respect to the bosonic string that only

contains bosons. Schematically, both type-II effective Lagrangians can be written

as,

Ltype−II = LNS−NS + LR−R + LNS−R + LR−NS . (3.3)

The first term, LNS−NS , encodes the dynamics of the full Lagrangian that we have

described perturbatively in (3.1) for D = 10 (critical dimension). The second term

of (3.3), LR−R, describes the dynamics of a 1-form C1 and a 3-form C3 for type

IIA superstring and a zero-form C0, a two form C2 and a four-form C4 for type IIB

superstring. Both LNS−NS and LR−R are bosonic Lagrangians, meaning that they

depend on bosonic quantities. On the other hand, both LNS−R and LR−NS depend
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on fermionic degrees of freedom, related to the bosonic spectrum through N = 2

supersymmetry. The Lagrangian (3.3) is our first (and last) example of a truly

supergravity Lagrangian, since it contains a dynamical metric tensor and fermionic

degrees of freedom, both of them related by supersymmetry. Indeed, the low energy

limit of all superstring theory formulations is given by a supergravity. Furthermore,

supergravity theories in arbitrary dimensions can be studied independently of string

theory. It turns out that the first higher-derivative corrections for the type II su-

perstrings consist of eight-derivative terms (for example Riem4), so neither α′ nor

α′2 corrections are present in this theory.

Last but not least, we present heterotic string theory. This string is a hybrid formu-

lation. To construct it we have to consider a left-right decomposition for the closed

string oscillation. This is analogous to a travelling wave decomposition, where left

and right are the directions of propagation of the waves on the closed string. The

heterotic string contains a D = 26 bosonic string formulation on its left part, com-

patified on a 16-dimensional torus (for dimensional consistency), and a D = 10

superstring formulation on its right side. The 10-dimensional bosonic and massless

degrees of freedom are a metric tensor, a 2-form, a dilaton and a non-Abelian gauge

field Aµi. The index i is a gauge index that runs from 1, . . . , n with n the dimension

of the gauge group, E8 × E8 or SO(32), depending on the heterotic formulation.

This superstring theory is invariant under N = 1 supersymmetry so it contains

fermionic degrees of freedom besides the former fields. The effective action is given

by a heterotic supergravity,

Shet =

∫
dDx

√
−ge−2ϕ(R + 4∂µϕ∂

µϕ− 1

12
H̄µνρH̄

µνρ − 1

4
Fµν

iF µν
i + Lf ) , (3.4)

where Lf are two-derivative fermionic terms and2

Fµν
i = 2∂[µAν]

i − f i
jkAµ

jAν
k , (3.5)

is the gauge field curvature. In the previous expression gauge indices are con-

tracted using a constant Cartan-Killing metric κij with inverse κij. The first higher-

2We use the convention T[µν] =
1
2 (Tµν − Tνµ) and T(µν) =

1
2 (Tµν + Tνµ).
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derivative correction to this action principle is a correction of order α′. We will

discuss the form of these terms in the next section.

An important difference with respect to the previous formulations is that the cur-

vature of the b-field contains extra terms,

H̄µνρ = 3
(
∂[µbνρ] − C(g)

µνρ

)
, (3.6)

where C
(g)
µνρ is a so-called Chern-Simons 3-form, defined as

C(g)
µνρ = Ai

[µ∂νAρ]i −
1

3
fijkA

i
µA

j
νA

k
ρ . (3.7)

The inclusion of these extra contributions will be clear when we inspect the invari-

ance of the action.

3.1.2 Symmetry transformations in bosonic/type II supergravity

Here we discuss the symmetry rules which leave the universal action invariant,

S =

∫
dDx

√
−ge−2ϕ(R + 4∂µϕ∂

µϕ− 1

12
HµνρH

µνρ) . (3.8)

This action is common to all close string formulations, and it is invariant under:

– Infinitesimal diffeomorphisms: The fundamental fields transform as 3

δξgµν = Lξgµν = ξρ(∂ρgµν) + 2(∂(µξ
ρ)gρν) , (3.9)

δξbµν = Lξbµν = ξρ(∂ρbµν) + 2(∂[µξ
ρ)bρν] , (3.10)

δξϕ = Lξϕ = ξρ(∂ρϕ) . (3.11)

Each term of the Lagrangian

L = e−2ϕ(R + 4∂µϕ∂
µϕ− 1

12
HµνλH

µνλ) (3.12)

transforms as a scalar (with ω = 0). Then the universal action (3.8) is invariant

up to total derivatives.

3We use the convention that contracted indices are not part of the (anti-)symmetrizers.
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– Abelian gauge transformations: This transformation only acts on the b-field

due to its 2-form nature,

δζbµν = 2∂[µζν] , (3.13)

where ζ is an arbitrary parameter. Since

δζHµνρ = 3∂[µ(δbνρ]) = 6∂[µ(∂νζρ]) = 0 , (3.14)

the Lagrangian (3.12) is gauge invariant.

3.1.3 Symmetry transformations in heterotic supergravity

The low-energy heterotic effective Lagrangian,

Lhet = e−2ϕ(R + 4∂µϕ∂
µϕ− 1

12
H̄µνλH̄

µνλ − 1

4
Fµν

iF µν
i) , (3.15)

is invariant under the symmetries previously described since Aµi transforms as

a 1-form under infinitesimal diffeomorphisms, i.e.,

δξAµi = LξAµi = ξρ(∂ρAµi) + (∂µξ
ρ)Aρi , (3.16)

and is invariant under Abelian gauge transformations. The Lagrangian (3.15)

is also invariant under non-Abelian gauge transformations.

– Non-Abelian gauge transformations: The non-Abelian gauge transforma-

tions act on Aµi and bµν in the following way,

δλA
i
µ = ∂µλ

i + f i
jkλ

jAk
µ , (3.17)

δλbµν = −(∂[µλ
i)Aν]i , (3.18)

where λi is an arbitrary parameter. Considering an arbitrary gauge vector vi,

the partial derivative of this vector is not covariant and we need to define a

covariant derivative for this symmetry in the following way,

∇µv
i = ∂µv

i − f i
jkAµ

jvk . (3.19)

Here we use the same notation∇ for the gauge covariant derivative as in the first

lecture, so our convention is that∇ covariantizes the derivative of an object with
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respect to all the symmetries that the object transforms under. On the other

hand, Fµνi transforms covariantly under non-Abelian gauge transformations

δλFµνi = fijkλ
jFµν

k , (3.20)

unlike Aµi whose transformation is not covariant due to the presence of the ∂µλ
i

term. Moreover, we need δH̄µνρ = 0 to ensure the non-Abelian gauge invariance

of the effective action. Now it is clear the importance of the Chern-Simons terms

in (3.6),

δλC
(g)
µνρ = ∂[µ(Aν

i∂ρ]λi) . (3.21)

The previous transformation exactly cancels the 3∂[µ(δλbνρ]) contribution and

therefore (3.4) is non-Abelian gauge invariant.

3.1.4 Introduction to Double field theory

As we mentioned in the previous lecture, the different formulations of string

theory are defined on a D-dimensional manifold. From a phenomenological

point of view, this D-dimensional target space is often divided into an external

non-compact space-time MD−N and an internal compact space MN ,

MD = MD−N ×MN , (3.22)

where the simplest case is to consider an internal toroidal manifold. In this

scenario, the resulting theory is invariant under different symmetries. One of

these symmetries is T-duality or, more precisely, O(N,N) invariance. This

symmetry group appears after compactifying the universal NS-NS sector on a

N-dimensional torus and it is an exact symmetry of string theory.

The main idea of double field theory (DFT) is to rewrite a supergravity theory

as a T-duality invariant theory before compactification. In this sense, DFT

represents an O(D,D) invariant theory, where D is the dimension of the target

space of the embedded supergravity. All the DFT fields and parameters are

O(D,D) multiplets or, in other words, covariant objects. DFT coordinates lie
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in the fundamental representation of O(D,D) whose dimension is 2D. Then

XM = (x̃µ, x
µ) are coordinates of a double space. Here xµ are the coordinates

of the embedded supergravity, and x̃µ are D extra coordinates that we need for

consistency. The dual coordinates are taken away considering that fields and

parameters depend only on xµ and therefore ∂̃ = 0. This is, in fact, the simplest

solution to the “strong constraint”,

∂M(∂M⋆) = (∂M⋆)(∂M⋆) = 0 , (3.23)

where ⋆ means a product of arbitrary DFT fields/parameters. Contractions

here are given by the O(D,D) invariant metric, ηMN .

The DFT construction can be performed following four steps,

1. Double geometry: We consider a double geometry with coordinates XM

with M = 0, . . . , 2D−1. We equip a group invariant metric ηMN and its inverse

ηMN . These metrics are used to lower and raise double curved indices. On each

point of the double space we consider a double tangent space, so we are able

to define flat vectors V A, with A a flat index, A = 0, . . . , 2D − 1. Then we

consider two additional invariant and flat metrics ηAB and HAB. The former is

used to lower flat indices and both of them are used to construct the following

flat projectors,

PAB =
1

2
(ηAB −HAB) , PAB =

1

2
(ηAB +HAB) , (3.24)

which satisfy

PABP
B
C = PAC , PABP

B
C = PAC ,

PABP
B
C = PABP

B
C = 0 , PAB + PAB = ηAB . (3.25)

Thus, P and P̄ project onto complementary orthogonal subspaces and we can

write any arbitrary vector as

V A = PA
BV

B + P
A
BV

B = V A + V A . (3.26)

The notation underline and overline means that we use the projectors to lower/raise

the indices, instead of using an invariant metric.
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2. Symmetries: DFT is a T-duality invariant formulation. Moreover, all the

fields and parameters are written in representations of the duality group and,

subsequently, duality invariance is always guaranteed. Infinitesimal O(D,D)

transformations acting on an arbitrary double vector reads

δhV
M = V NhN

M , (3.27)

where h ∈ o(D,D) 4 is an arbitrary parameter.

We can also define generalized diffeomorphisms. These are infinitesimal trans-

formations acting on a generic double vector V M through a generalized Lie

derivative, i.e.,

δξ̂V
M = Lξ̂V

M = ξ̂N∂NV
M + (∂M ξ̂P − ∂P ξ̂

M)V P + ω∂N ξ̂
NV M . (3.28)

In the previous expression we consider a generic parameter ξ̂M and a density

weight factor ω. The generalized Lie derivative differs from the ordinary one

since we need to ensure Lξ̂ηMN = 0. The closure of the generalized diffeomor-

phism transformations on an arbitrary generalized tensor V M
N ,[

δξ̂1 , δξ̂2

]
V M

N = δξ̂21V
M

N , (3.29)

is provided by the C-bracket,

ξ̂M12 = ξ̂P1
∂ξ̂M2
∂XP

− 1

2
ξ̂P1

∂ξ̂2P
∂XM

− (1 ↔ 2) . (3.30)

An important comment here is that the closure of the generalized diffeomor-

phisms requires the strong constraint (3.23).

The partial derivative of a generic double vector does not transform as a tensor.

Therefore we define a covariant derivative as follows

DMV N = ∂MV N − ΓM
N

PV
P . (3.31)

The compatibility DMηNP = 0 implies ΓMNP = −ΓMPN . It is usual to impose

TMNP = 3Γ[MNP ] = 0 , (3.32)

4We use the lower-case because h belongs to the associated algebra.
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since TMNP plays the role of generalized torsion. A curious aspect of the double

geometry is that there are not enough compatibility conditions to fully deter-

mine ΓMNP , unlike in general relativity. Consequently, the generalized Riemann

tensor cannot be fully determined but, nevertheless, a generalized Ricci tensor

RMN can be constructed as well as a generalized Ricci scalar R, and these are

fully determined in terms of the fundamental fields of DFT.

Another symmetry of DFT is the double Lorentz transformation that acts in

the following way,

δΛV
A = V BΛB

A , (3.33)

on an arbitrary flat vector V A. Demanding δΛηAB = 0 we have ΛAB = −ΛBA.

Moreover, using the decomposition/notation (3.26), the condition δΛHAB = 0

implies

ΛAB = ΛAB = 0 . (3.34)

The partial derivative of an arbitrary flat vector V A does not transform as a

tensor and therefore we introduce a flat covariant derivative,

DMV A = ∂MV A −WM
A
BV

B , (3.35)

where WMAB = −WMBA is the generalized spin connection. Imposing compat-

ibility with the generalized frame we find that WMAB is not fully determined.

3. Fundamental fields: The fundamental fields of DFT are a generalized

frame EMA(X) = EMA and a generalized dilaton d(X) = d. The former is

equivalent to a vielbein for this double geometry and satisfies

EMAHABENB = HMN , (3.36)

EMAη
ABENB = ηMN . (3.37)

DFT can be written in terms of d and HMN , the latter known as the generalized

metric. In this case, the double Lorentz invariance is implicit. The generalized

metric is an O(D,D) element, i.e.

HMPη
PQHQN = ηMN , (3.38)

81



and with the help of this dynamical metric and ηMN one can define curved

projectors,

PMN =
1

2
(ηMN −HMN) , PMN =

1

2
(ηMN +HMN) . (3.39)

The previous projectors satisfy

PMQP
Q
N = PMN , PMQP

Q
N = PMN ,

PMQP
Q
N = PMQP

Q
N = 0 , PMN + PMN = ηMN , (3.40)

similar to the flat projectors. The main difference here is that PAB and PAB are

constants, while the curved ones are not for an arbitrary double background.

The fundamental fields transform with respect to generalized diffeomorphisms

and double Lorentz transformations as follows,

δξ̂,ΛEMA = Lξ̂EMA + EMBΛ
B
A , (3.41)

δξ̂d = ξ̂N∂Nd−
1

2
∂M ξ̂M . (3.42)

The generalized dilaton is a double Lorentz invariant, and its transformation

under generalized diffeomorphisms is not covariant. However e−2d transforms

as a generalized scalar density with ω = 1. On the other hand, both EMA and

HMN satisfy compatibility conditions

DMHNP = 0 , DMENP = 0 . (3.43)

The generalized fluxes are defined as

FABC = 3E[AE
M

BEMC] , (3.44)

with EA =
√
2EM

A∂M . It is possible to determine the totally antisymmetric

part of the spin connection, WABC ≡
√
2WMBCE

M
A, in the following way

FABC = −3W[ABC] . (3.45)

Finally, it is convenient to define

FMAB =
1√
2
EM

CFCAB , (3.46)

FMAB =
1√
2
EM

CFCAB , (3.47)
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for later use. The transformation rule of the previous objects is

δξ̂,ΛFMAB = Lξ̂FMAB + ∂MΛAB + 2FMC[BΛ
C
A] , (3.48)

δξ̂,ΛFMAB = Lξ̂FMAB + ∂MΛAB + 2FMC[BΛ
C
A] . (3.49)

4. Action principle: The action of DFT is given by∫
d2DXe−2dR(E, d) , (3.50)

where R(E, d) is a two derivative scalar under generalized diffeomorphisms and

it is invariant under Lorentz transformations. This object is known as the

generalized Ricci scalar, and can be written in terms of the generalized fluxes

[?],

R(d,EMA) = 2EAF
A + FAF

A − 1

6
FABCF

ABC − 1

2
FABCF

ABC , (3.51)

where FA =
√
2∂MEMA − 2EAd .

3.1.5 Heterotic/gauged double field theory

The duality group of the heterotic/gauged formulation of DFT is O(D,D + n)

with n the dimension of the gauge group. Since this group differs from O(D,D),

the construction described in the previous part requires the following substantial

modifications:

1. Double geometry: We consider a double geometry with coordinates

XM = (x̃µ, x
µ, xi) with M = 0, . . . , 2D− 1+n and i = 1, . . . , n. On each point

of the extended double space we consider an extended double tangent space, so

we are able to define flat vectors V A, with A a flat index, A = 0, . . . , 2D−1+n.

2. Symmetries: The generalized diffeomorphisms now contain an extra term

that depends on generalized structure constants fMNP ,

δξ̂V
M = Lξ̂V

M = ξ̂N∂NV M + (∂Mξ̂P − ∂P ξ̂
M)V P + fM

NP ξ̂
NV P + ω∂N ξ̂NV M ,(3.52)

where V M is an arbitrary double vector. The structure constants are fully

antisymmetric and satisfy a Jacobi rule,

fMNP = f[MNP] , f[MN
RfP]R

Q = 0 . (3.53)

83



The closure of the transformations is given by a deformed bracket

[ξ̂1, ξ̂2]
M
(Cf )

= 2ξ̂P[1∂P ξ̂
M
2] − ξ̂N[1 ∂

Mξ̂2]N + fPQ
Mξ̂P1 ξ̂

Q
2 , (3.54)

which reduces to the C-bracket when the structure constants vanish. Interest-

ingly enough, the closure requires the strong constraint (3.23) plus an extra

constraint,

fMNP∂
M⋆ = 0 . (3.55)

We solve the new constraint considering that the generalized structure constants

are non-vanishing only when M,N ,P = i, j, k, i.e. fMNP = fijk, and ∂i = 0.

The covariant derivative (3.31) remains unchanged, but ΓMNP receives an extra

term in its transformation rule

δξ̂ΓMNP = δungauged
ξ̂

ΓMNP + fNQP∂Mξ̂Q , (3.56)

where the explicit form of the first term corresponds to an exercise. On the

other hand, the double Lorentz symmetry remains unchanged.

3. Fundamental fields: The fundamental fields of heterotic/gauged DFT

are a generalized frame EM
A(X) and a generalized dilaton d(X). The only

modification at this point is related to the construction of the generalized fluxes

FABC, that now contain an extra term

FABC = 3E[AE
M

BEMC] +
√
2fMNPE

M
AE

N
BE

P
C . (3.57)

Similarly to the heterotic supergravity case we assume that fMNP has the same

units as derivatives.

4. Action principle: The action of heterotic/gauged DFT is given by∫
d2D+nXe−2dR(E, d) , (3.58)

where R(E, d) is a two derivative scalar under (3.52) and it is invariant under

Lorentz transformations. This action principle now contains fMNP contribu-

tions provided by the generalized fluxes (3.57) and, schematically, R has the

same form as (3.51) but promoting the indices A → A.
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3.1.6 Parametrization

Here we present the parametrization of the different parameters, metrics and

fields of heterotic/gauged DFT. The parametrization of the ungauged DFT is a

particular case of this one. We follow the same structure of the previous part,

step by step.

1. Double geometry: The parametrization of the coordinates is XM =

(x̃µ, x
µ, xi). Since we solve the strong constraint using ∂̃µ = ∂i = 0, the param-

eters and fields of the resulting gauged supergravity do not depend on extra

coordinates. The parametrization of the invariant metric is

ηMN =


ηµν ηµν ηµi

ηµ
ν ηµν ηµi

ηi
ν ηiν ηij

 =


0 δµν 0

δµ
ν 0 0

0 0 κij

 , (3.59)

with µ, ν = 0, . . . , D − 1, i, j = 1, . . . , n and κij the Killing metric of the gauge

group. The flat indices can be split in the following way A = (a, a, i) where

a = 1, . . . , D, ā = 1, . . . , D and i runs from 1, . . . , n. The latter is the flat

version of the gauge index. The Lorentz invariant metrics are parametrized as

ηAB =


−ηab 0 0

0 ηāb̄ 0

0 0 κīj̄

 , HAB =


ηab 0 0

0 ηab 0

0 0 κīj̄

 , (3.60)

where ηab and ηab can be identified with a flat and constant metric ηab

ηāb̄δ
āb̄
ab = ηabδ

ab
ab = ηab , (3.61)

and κīj̄ is the flat version of the Killing metric. Defining the following constant

object ei
ī we have a relation between the Cartan-Killing metric and its flat

version,

κij = ei
īκīj̄ej

j̄ . (3.62)

The same holds for the inverses of these metrics, defining eiī as the inverse of

ei
ī.
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Before analyzing the symmetry rules, we include in this part the parametrization

of the generalized frame,

EM
A =


Eµa Eµ

a Ei
a

Eµa Eµ
a Ei

a

Eµi Eµ
i Ei

i

 =
1√
2


−eµa − Cρµe

ρ
a eµa −Aρ

ieρa ,

eµa − Cρµe
ρ
a eµa −Aρ

ieρa
√
2Aµie

i
i 0

√
2eii

 ,

(3.63)

where eµa and eµa are a pair of vielbeins for the same metric tensor gµν , i.e.,

eµ
aηabeν

b = gµν , (3.64)

eµ
aηabeν

b = gµν . (3.65)

We identify each vielbein (and their inverses) considering the following gauge

fixing of the double Lorentz transformations to a single copy of Lorentz trans-

formations,

eµaδ
a
a = eµaδ

a
a = eµa , (3.66)

eµaδ
a
a = eµaδ

a
a = eµa . (3.67)

Finally in (3.63) we use the notation Cµν = bµν +
1
2
Aµ

iAνi.

2. Symmetries: The parametrization of the symmetry parameters is given

by,

ξ̂M = (ζµ, ξ
µ, λi) (3.68)

Λab = Λabδ
ab
ab
, Λab = −Λabδ

ab
ab (3.69)

Λai = 0 , Λij = fijkλ
jekīe

i
j . (3.70)

The components Λai and Λij are fixed to ensure δEµ
i = 0 and δEi

i = 0 as

required by (3.63). From (3.68) we can understand how the generalized diffeo-

morphisms encode ordinary diffeomorphisms plus gauge transformations, while

double Lorentz transformation encode the ordinary Lorentz transformations.

For instance, from δEµa we obtain

δEµ
aδ

a
a = δeµa = ξρ∂ρe

µ
a − ∂ρξ

µeρa + eµbΛ
b
a , (3.71)

in agreement with (1.50).
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3. Fundamental fields: The parametrization of the generalized frame was

given in (3.63), while the parametrization of the generalized metric,

HMN =


gµν −gµρCρν −gµρAρi

−Cρµg
νρ gµν + CρµCσνg

ρσ + Aµ
iκijAν

j Cρµg
ρσAσi + Aµ

jκji

−gνρAρi Cρνg
ρσAσi + Aν

jκij κij + Aρig
ρσAσj

 ,(3.72)

can be easily obtained from the EM
AHABEN

B = HMN .

The generalized dilaton is given by

e−2d =
√
−ge−2ϕ . (3.73)

Using the parametrization of the generalized frame and dilaton, it is straight-

forward to compute the parametrization of the different projections of the gen-

eralized fluxes,

Fabc = −w
(+)
abc δ

abc
abc , (3.74)

Fabc = w
(−)
abc δ

abc
abc

, (3.75)

Fabc = 3

(
w[abc] −

1

6
H̄abc

)
δabc
abc

, (3.76)

Fabc = −3

(
w[abc] +

1

6
H̄abc

)
δabcabc , (3.77)

Fiab = − 1√
2
eµae

ν
beiiF

i
µνδ

ab
ab , (3.78)

Faij = −eiie
j
je

µ
aAµ

kfijkδ
a
a , (3.79)

Fijk =
√
2eiie

j
je

k
kfijk , (3.80)

Fa =
(
∂µe

µ
a + eµae

ν
b∂µe

b
ν − 2eµa∂µϕ

)
δaa , (3.81)

where

H̄abc = 3eµae
ν
be

ρ
c

(
∂[µbνρ] − Ai

[µ∂νAρ]i +
1

3
fijkAµ

iAν
jAρ

k

)
. (3.82)

4. Action principle: The action of heterotic/gauged DFT reduces to (3.4)

after parametrization. For example, the last term of the heterotic/gauged DFT

action principle, −1
2
FībcF

ībc, reproduces the term −1
4
Fµν

iF µν
i when the compo-

nent Fibc is replaced by (3.78).
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3.2 Part B: Single and double copy from the double field

theory perspective

3.2.1 Generalized Kerr-Schild ansatz

In this section we review DFT and the Generalized Kerr-Schild ansatz (GKSA).

The GKSA was originally formulated (JHEP 1810(2018) 027) as an exact and

linear perturbation of the generalized background metricHMN (M,N = 0, . . . , 2D−

1) and an exact perturbation of the generalized background dilaton do. We work

with arbitrary D until parametrization.

Since the generalized metric is an O(D,D) element, its perturbation has the

following form

HMN = HMN + κ(K̄MKN +KMK̄N) , (3.83)

where K̄M = P̄M
NK̄N and KM = PM

NKN are a pair of generalized null vectors

ηMNK̄MK̄N = ηMNKMKN = ηMNK̄MKN = 0 . (3.84)

According to (3.83), the DFT projectors are

PMN = PMN − 1

2
κ(K̄MKN +KMK̄N)

P̄MN = P̄MN +
1

2
κ(K̄MKN +KMK̄N) . (3.85)

Each O(D,D) multiplet can be written as a sum over its projections,

VM = PM
NVN + P̄M

NVN = VM + VM , (3.86)

where VM is a generic double vector. When we use the underline and overline

notation, we consider the background projectors PMN and P̄MN .

The generalized background dilaton can be perturbed with a generic κ expan-

sion,

d = do + κf , f =
∞∑
n=0

κnfn , (3.87)

with n ≥ 0.
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Mimicking the ordinary Kerr-Schild ansatz, the generalized vectors KM , K̄M

and f obey some conditions in order to produce finite deformations in the DFT

action and EOM’s. If we consider a generic double vector VN , the covariant

derivative can be defined as

∇MVN = ∂MVN − ΓMN
PVP , (3.88)

where ΓMNP is the generalized affine connection. Demanding

∇MHNP = 0 , ∇MηNP = 0 , (3.89)

and a vanishing generalized torsion

Γ[MNP ] = 0 , (3.90)

the following projections of ΓMNP = −ΓMPN are well-defined and can be per-

turbed,

ΓMNQ = −P̄Q
RPM

S∂SPRN , ΓMNQ = P̄N
RP̄M

S∂SPRQ ,

ΓMNQ = 2P̄[N
RP̄Q]

S∂SPRM , ΓMNQ = 2P̄M
RP[N

S∂SPQ]R . (3.91)

Similarly to Riemannian geometry, the generalized Ricci scalar and the gener-

alized Ricci tensor can be constructed from different (determined) projections

of the generalized affine connection. Following the original construction of the

GKSA we impose,

K̄P∂PK
M +KP∂

MK̄P −KP∂P K̄
M = 0 ,

KP∂P K̄
M + K̄P∂

MKP − K̄P∂PK
M = 0 , (3.92)

and

KM∂Mf = K̄M∂Mf = 0 . (3.93)

Using (3.90), we can change ∂ → ∇ in (3.92) obtaining,

K̄P∇PK
M +KP∇MK̄P −KP∇P K̄

M = 0 ,

KP∇P K̄
M + K̄P∇MKP − K̄P∇PK

M = 0 . (3.94)

89



The generalized flux formulation is compatible with the GKSA if we consider

perturbations of the form,

EMA = EM
A +

1

2
κEM

BKBK̄
A ,

EMA = EM
A − 1

2
κEM

BK̄BK
A , (3.95)

whereKA = EM
AKM = EM

AKM and K̄A = EM
AK̄M = EM

AK̄M and EMA is an

O(D,D)/O(D−1, 1)L×O(1, D−1)R frame. In this formulation A = 0, . . . , D−1

and A = 0, . . . , D − 1 are O(D − 1, 1)L and O(1, D − 1)R indices, respectively.

We can define flat invariant projectors as follows,

PAB = EMAEM
B = PAB ,

P̄AB = EMAEM
B = P̄AB , (3.96)

where PAB = EMAE
M

B and P̄AB = EMAE
M

B are the standard DFT flat

projectors. Using these projectors we can construct two invariant metrics,

ηAB = EMAη
MNENB = EMAη

MNENB , (3.97)

HAB = EMAHMNENB = EMAH
MNENB . (3.98)

The flat covariant derivative acting on a generic vector VB is

DAVB = EAVB +WAB
CVC , (3.99)

where EA =
√
2EM

A∂M and WAB
C is the generalized spin connection that

satisfies

WABC = −WACB and WABC = WABC = 0 . (3.100)

With the help of the generalized frames we can construct the generalized fluxes,

which are defined as

FABC = 3E[A(EM
B)EMC] ,

FA =
√
2e2d∂M

(
EM

Ae
−2d

)
. (3.101)
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In the flux formulation of DFT, conditions (3.92) and (3.93) become

KAEAK̄
C +KAK̄BFAB

C = 0 ,

K̄AEAK
C + K̄AKBFAB

C = 0 , (3.102)

and

KAEAf = K̄AEAf = 0 . (3.103)

It is straightforward to check that the previous conditions are double Lorentz

invariant using

δΓEMA = EMBΓBA , δΓEMA = EM
BΓBA (3.104)

where ΓAB = −ΓBA is the double Lorentz parameter.

Only the totally antisymmetric and trace parts of WABC can be determined in

terms of EMA and d,

W[ABC] = −1

3
FABC , (3.105)

WBA
B = −FA , (3.106)

the latter arising from partial integration with the dilaton density. Using these

identifications, conditions (3.102) and (3.103) can be written as

KAD
AK̄B = K̄AD

AKB = 0 ,

KAD
Af = KAD

Af = 0 , (3.107)

where DA is the background covariant derivative. As we mentioned before,

the generalized Ricci scalar and the generalized Ricci tensor are completely

determined in terms of the degrees of freedom of DFT and, particularly, can be

written in terms of different projections of the fluxes,

R = 2EAFA + FAFA − 1

6
FABCFABC − 1

2
FABCFABC , (3.108)

RAB = EAFB − ECFAB
C + FCDAFD

B
C −FCFAB

C . (3.109)
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The previous projections of the fluxes can be computed using (3.95) and im-

posing (3.102) and (3.103),

FABC = FABC − 3

2
κK

D
K[AFBC]D , (3.110)

FABC = FABC + κ

(
K [CDB]KA +KAE[BKC] −

1

2
K

D
KAFDBC

)
,(3.111)

FABC = FABC − κ

(
K[CDB]KA +KAE[BKC] −

1

2
KDKAFDBC

)
,(3.112)

FA = FA − 1

2
κ
(
KADBK

B
+ FBACK

B
KC + 4DAf

)
. (3.113)

Replacing the previous expressions in (3.108) the generalized Ricci scalar can

be written as

R = R + κ
[
−KAK

B
EBF

A −DA

(
KADBK

B
+ FB

ACK
B
KC

)
+ FABCKCDBKA

+FABCKAEBKC − 4DAD
Af

]
+ κ2

[
4EAfE

Af
]
, (3.114)

and therefore in the case f = const., the generalized Ricci scalar can be lin-

earized.

With a similar procedure the generalized Ricci tensor can be written as,

RAB = RAB + κR(κ)AB + κ2R(κ2)AB , (3.115)

where

R(κ)AB = −1

2
DA

(
KBDCK

C
)
+

1

2
EC

(
KCDBKA

)
− 1

2
EC

(
KBDCKA

)
+

1

2
EC

(
KAEBKC

)
−1

2
EC

(
KAECKB

)
− 1

2
K

D
KCEAFDBC − 1

2
EAK

D
KCFDBC − 1

2
K

D
EAK

CFDBC

−1

2
ECKDKAFDBC − 1

2
KDECKAFDBC − 1

2
KDKAE

CFDBC +
1

2
K

D
KCEDFABC

−1

2
KCDBKEF

CE
A +

1

2
KBDCKEF

CE
A − 1

2
KEEBKCF

CE
A +

1

2
KEECKBF

CE
A

+
1

2
KADDKCFB

CD − 1

2
KDDAKCFB

CD +
1

2
KCEDKAFB

CD − 1

2
KCEAKDFB

CD

+
1

2
KCDBKAF

C +
1

2
KCKAECFB − 1

2
KBDCKAF

C +
1

2
KAEBKCF

C

−1

2
KAECKBF

C − 1

2
K

E
KCFEDAFB

CD +
1

2
KDKEFDBCF

CE
A

−1

2
KDKAFDBCF

C − 1

2
K

E
KDFED

CFABC − 2DADBf , (3.116)
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and

R(κ2)AB =
1

2
K

D
KC

(
EDKA

)
(ECKB) +

1

4
K

D
KCKA (DDECKB)

−1

4
KCKAKB

(
ECDDK

D
)
− 1

4
KCKAK

EEC

(
K

D
FDBE

)
−KCKA (ECDBf) +

(
KBDCKA

) (
DCf

)
−
(
KAEBKC

) (
DCf

)
+
(
KAECKB

) (
DCf

)
+
(
KDKAFDBC

) (
DCf

)
. (3.117)

As can be appreciated, the EOM of the generalized metric contains quadratic

terms even if f = 0, and unlike general relativity there no exist α1 and α2 such

that the quadratic terms can be written as

R(κ2)AB
= α1κK̄AK̄

CR(κ)CB
+ α2κKBK

CR(κ)AC
.

The previous equation shows that the equation of motion of the generalized

metric cannot be linearized when the GKSA is considered. Nevertheless, upon

breaking the global O(D,D) invariance and using the equation of motion of gµν

and bµν , it is straightforward to probe that the quadratic contributions vanish

when f = 0.

3.2.2 Generalized KS at the supergravity level

Now we are interested in imposing the supergravity version of the GKSA on

the previous formulation. One way is to directly parametrize the results of the

previous section. Another way is to just perturb the supergravity Lagrangian

with the GKSA. For simplicity, we do not consider perturbations of the gauge

field, i.e., Aµi = Aoµi. The inverse of the 10-dimensional background metric is

perturbed as

gµν = gµνo + κϕl(µl̄ν) , (3.118)

where lµ and l̄µ are null vectors with respect to gµν and gµνo , i.e.,

lµlνg
µν = lµg

µν
o lν = 0 , (3.119)

l̄µl̄νg
µν = l̄µgo

µν l̄ν = 0 . (3.120)
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The previous objects also satisfy the following relations

l̄ν∇oνlµ = 0 , lν∇oν l̄µ = 0 , (3.121)

which reduce to the standard geodesic conditions when l and l̄ are identified.

The perturbation of the Kalb-Ramond field is given by

bµν = boµν − κ̃ϕl[µl̄ν] , (3.122)

where κ̃ = 2κ
2+κ(l·l̄) . One can easily that after perturbing the supergravity action

using these extended ansatz, the equations of motion are linear, as was shown

from the DFT approach. We left this as an exercise for the reader.

3.2.3 DFT behind the double copy maps of HJP

The story of the double copy of Yang-Mills following HJP with the identifica-

tions,

Aµ
i(k) → eµµ̄(k, k̄) . (3.123)

κab → 1

2
Π̄µ̄ν̄(k̄) , (3.124)

fabc → i
4
Π

µνρ
(k1, k2, k3) , (3.125)

produce more that quadratic and cubic Einstein-Hilbert gravity. As the reader

might suspect, the double copy produce the full quadratic and cubic NSNS

supergravity, as we are going to show now. Particularly, after solving the section

constraint imposing x = x̃, one should interpret the fields as

eµν = hµν + bµν . (3.126)

Let’s explore the quadratic b-field contributions in the HJP double copy. We

already know that the quadratic action is given by

S
(2)
DC =

1

4

∫
dDx

(
eµν□eµν + ∂µeµν ∂

ρeρ
ν

+ ∂νeµν ∂
σeµσ − ϕ□ϕ+ 2ϕ∂µ∂νeµν

)
. (3.127)
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Now we will focus in the extra contributions given by bµν . It is easy to see that

the terms with just one b cancel out, and we just have,

S
(2)
DC|b =

1

4

∫
dDx

(
bµν□bµν + 2∂µbµν ∂

ρbρ
ν
)
. (3.128)

The last terms are exactly the contributions coming from the H2 contributions

at quadratic order. Finally, the dilaton φ can be easily incorporated at quadratic

order by considering the shift

ϕ = h+ 4φ . (3.129)

Therefore, the field ϕ is usually known as the generalized dilaton, and φ is the

ordinary dilaton.

Now we will explore the dilatonic and b-field contributions arising from the LR

quadratic double copy.

3.2.4 b-field Quadratic Contributions in LR double copy

It is easy to show that at quadratic order terms mixing bµν and hµν from (2.83)

cancel, and the remnant contributions are given by

L(2)
b = −a1

2
(□bµν□bµν − 2□bνµ∂µ∂

ρbνρ) . (3.130)

Defining h̄µνρ = 3∂[µbνρ], the previous Lagrangian can be written as

L(2)
b =

a1
6
□h̄µνρh̄µνρ . (3.131)

Comparing with the four-derivative contributions to bosonic string theory in the

Metsaev–Tseytlin formalism we see that there are no four-derivative quadratic

contributions in the b-field. Therefore, the contribution obtained in (3.131)

must correspond to a field redefinition. Indeed, let us consider

bµν = b(0)µν + c1∇ρh̄
ρ
µν (3.132)

with c1 an arbitrary coefficient. Let’s apply this field redefinition on the leading

order term TH = − 1
12
H2 to quadratic order in perturbations. The induced

four-derivative contribution is given by

Tinduced = −c1
2
∂µ(∇λh̄

λ
νρ)h̄

µνρ . (3.133)
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Since we are considering only quadratic contributions, the covariant derivative

reduces to an ordinary derivative ∇ → ∂, and therefore we can write the previ-

ous expression as

Tinduced = −c1
6
□h̄µνρh

µνρ . (3.134)

By fixing c1 = −a1, we can interpret the DC theory as Weyl gravity plus an

ambiguous b-field contribution, which can be removed by the field redefinition

(3.132).

3.2.5 Dilatonic Quadratic Contributions in LR double copy

A similar analysis applies to the dilaton. The quadratic dilatonic terms in (2.83)

are given by

L(2)
ϕ = −8a2(□h− ∂µ∂νh

µν +□ϕ)□ϕ . (3.135)

Since the dilaton does not contribute to the quadratic structure of the α′-

corrections, these terms must also be removable by field redefinitions. Consider

ϕ = ϕ(0) + c2(□h− ∂µ∂νh
µν +□ϕ) . (3.136)

Inspecting the two-derivative term 4∂µϕ∂
µϕ, one finds that the desired contri-

bution is induced by setting c2 = −2a2. Therefore, both the b-field and dilaton

contributions in (2.83) are ambiguous at quadratic order, leaving Weyl gravity

as the only unambiguous sector.

While the previous results might be seen as boring, indeed is very promising

since the Lagrangian ∫
x

√
−g(R + C2) (3.137)

can be turned into ∫
x

√
−g(R +Riem2) (3.138)
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by performing field redefinitions. And this is excellent since the first quadratic

correction coming from the α′-corrections is exactly given by Riem2. Indeed,

the full four-derivative Lagrangian is given by

L(1) =
α′

4

[
Riem2 − 1

2
Hρµ

νHµ
αλRν

ραλ +
1

24
H4 − 1

8
H2

µνH
2µν

]
. (3.139)

Therefore, combining the double copies of HJP and LR one can obtain the full

quadratic bosonic Lagrangian up to quadratic order.

3.3 Exercices

3.3.1 Part A

1. Show that the curvature for the b-field can be written as Hµνρ = ∇[µbνρ] in

bosonic supergravity. Then show its Bianchi identity ∇[µHνρσ] = 0.

2. Show the following identities:

(∇µHνρσ)H
µρ

τH
νστ = 0 , (∇µH

νρσ)Rµ
νρσ = 0 . (3.140)

3. Prove that the parametrization of the generalized metric respects theO(D,D)

constrain H2 = 1.

4. Compute the symmetry transformation rule for bµν coming from DFT.

5. Show that the DFT action reduces to the NSNS Lagrangian after parametriza-

tion (include the non-Abelian gauge field to recover the Yang-Mills plus Chern-

Simons terms of the heterotic supergravity).

6. Consider a generic double vector V M for heterotic DFT and show that[
δξ̂1 , δξ̂2

]
V M = δξ̂21V

M holds if .

7. Decide if the following projections are determined or undetermined: ΓMNP ,

ΓMNP , ΓMNP , ΓMNP , and write the determined projections in terms of HMN .

8. Demanding
∫
d2DXe−2dV∇MV M = −

∫
d2DXe−2dV M∇MV show that the

trace of the connection is ΓMN
M = −2∂Nd.

9. Find δξ̂ΓMNP . Then show that Γ[MNP ] transforms as a generalized tensor.
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3.3.2 Part B

1. Consider DFT in its generalized metric formulation. Compute the deter-

mined projections of ∇(0)
M KN and ∇(0)

M K̄N .

2. Consider RDFT in its generalized metric formulation and perturb it with the

GKSA. Use the connections of the previous exercise to write it in its covariant

form.

3. Consider RMN = 0 under the generalized Kerr-Schild ansatz and prove

that the equation contains the same information that RMN = 0 under the same

ansatz.

4. Use the GKSA at the supergravity level for the metric and the b-field (the

so-called extended ansatz, without perturbing the dilaton) and prove that the

equations of motion are linear in the perturbations.

5. Propose a list of gauge terms which can be potential candidates to repro-

duce the Riem3 interactions of bosonic string supergravity. In order to do so,

first do some research to understand what kind of pure gravitational terms does

this theory have and then propose your gauge Lagrangian.
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∗ R. J. Szabo and G. Trojani, ”Homotopy Double Copy of Noncommutative

Gauge Theories”.

99
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∗ W. D. Goldberger and A. K. Ridgway, “Bound states and the classical
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[hep-th].

∗ J. Plefka, J. Steinhoff, and W. Wormsbecher, “Effective action of dilaton

gravity as the classical double copy of Yang-Mills theory,” Phys. Rev. D

99 no. 2, (2019) 024021, arXiv:1807.09859 [hep-th].

∗ W. D. Goldberger, J. Li, and S. G. Prabhu, “Spinning particles, axion

radiation, and the classical double copy,” Phys. Rev. D 97 no. 10, (2018)

105018, arXiv:1712.09250 [hep-th].

∗ J. Li and S. G. Prabhu, “Gravitational radiation from the classical spinning
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[hep-th].
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01 (2020) 072, arXiv:1910.03008 [hep-th].

∗ G. Kälin and R. A. Porto, “From boundary data to bound states. Part

II. Scattering angle to dynamical invariants (with twist),” JHEP 02 (2020)

120, arXiv:1911.09130 [hep-th].

∗ N. E. J. Bjerrum-Bohr, J. F. Donoghue, and P. Vanhove, “On-shell Tech-

niques and Universal Results in Quantum Gravity,” JHEP 02 (2014) 111,
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∗ N. E. J. Bjerrum-Bohr, B. R. Holstein, L. Planté, and P. Vanhove, “Graviton-

Photon Scattering,” Phys. Rev. D 91 no. 6, (2015) 064008, arXiv:1410.4148

[gr-qc].

∗ N. E. J. Bjerrum-Bohr, J. F. Donoghue, B. R. Holstein, L. Planté, and P.

Vanhove, “Bending of Light in Quantum Gravity,” Phys. Rev. Lett. 114

no. 6, (2015) 061301, arXiv:1410.7590 [hep-th].

100



∗ N. E. J. Bjerrum-Bohr, J. F. Donoghue, B. R. Holstein, L. Plante, and P.

Vanhove, “Light-like Scattering in Quantum Gravity,” JHEP 11 (2016) 117,

arXiv:1609.07477 [hep-th]. ”,

∗ N. E. J. Bjerrum-Bohr, P. H. Damgaard, G. Festuccia, L. Planté, and P.

Vanhove, “General Relativity from Scattering Amplitudes,” Phys. Rev.

Lett. 121 no. 17, (2018) 171601, arXiv:1806.04920 [hep-th].

∗ L. Borsten, S. Nagy, “The pure BRST Einstein-Hilbert Lagrangian from

the double-copy to cubic order”, JHEP 07 (2020) 093, arXiv:2004.14945

[hep-th].

∗ N. E. J. Bjerrum-Bohr, P. H. Damgaard, L. Planté, and P. Vanhove, “Clas-

sical gravity from loop amplitudes,” Phys. Rev. D 104 no. 2, (2021) 026009,

arXiv:2104.04510 [hep-th].

∗ N. E. J. Bjerrum-Bohr, P. H. Damgaard, L. Planté, and P. Vanhove, “The

Amplitude for Classical Gravitational Scattering at Third Post-Minkowskian

Order,” arXiv:2105.05218 [hep-th].

∗ E. Herrmann, J. Parra-Martinez, M. S. Ruf, and M. Zeng, “Radiative

Classical Gravitational Observables at O(G3) from Scattering Amplitudes,”

arXiv:2104.03957 [hep-th].

∗ Z. Bern, C. Cheung, R. Roiban, C.-H. Shen, M. P. Solon, and M. Zeng,

“Scattering Amplitudes and the Conservative Hamiltonian for Binary Sys-

tems at Third Post-Minkowskian Order,” Phys. Rev. Lett. 122 no. 20,

(2019) 201603, arXiv:1901.04424 [hep-th].

4 Summary and outlook

Throughout these lectures, we have reviewed several modern aspects of the dou-

ble copy program and its role in connecting gauge and gravitational theories.

This framework has emerged as a particularly promising direction for future

research, especially in the study of higher-derivative corrections and their impli-

cations for quantum gravity. One of the central motivations behind the double
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copy is the possibility of reformulating gravitational dynamics in terms of struc-

tures that are better understood on the gauge theory side, where quantization

is under significantly greater control.

In the final lecture, we showed how bosonic supergravity can emerge at quadratic

order within this framework. Moreover, there are strong indications—particularly

from the amplitudes community—that this correspondence may extend to higher

orders, potentially providing a systematic way to construct increasingly refined

gravitational theories. If such extensions can be fully established, they would

offer a powerful bridge between perturbative gauge theory computations and

nontrivial gravitational dynamics.

In parallel, new models incorporating higher-derivative corrections can be de-

veloped independently of traditional string-theoretic constructions. This opens

the door to a broader landscape of theories that, while inspired by string theory,

are not strictly constrained by it. A recent example of this line of research is

the implementation of the double copy map for non-commutative gauge theories

via the Seiberg–Witten map. Although this topic goes beyond the scope of the

present course, it serves as a compelling illustration of how novel toy models

for quantum gravity can naturally arise within the double copy framework.

The overarching idea is to exploit gauge theories—whose quantization is well

understood—to construct corresponding gravitational theories that may inherit

some of these desirable quantum properties. This perspective suggests a new

strategy for approaching long-standing problems in quantum gravity, shifting

part of the difficulty to a domain where more computational and conceptual

tools are available.

As you can imagine, there are many directions in which these ideas can be

further developed, ranging from formal theoretical questions to concrete phe-

nomenological applications. I hope that these lectures have provided a useful

starting point for engaging with the current literature and for exploring the

deep and fascinating connections between gauge and gravitational theories.
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A Computation of Curvatures in CADABRA

CADABRA is a software which allows us to compute curvatures in a very

straightforward way. This section will show the basic definitions and commands

to start using this program.

Definition of objects: indices, derivatives and metric We start by defin-

ing some objects in the following way:

µ, ν, ρ, σ, γ, λ, α, β, ϵ, µ# :: Indices(spacetime, position = independent).

∂# :: PartialDerivative.

∇# :: Derivative.

gµν :: Symmetric.

gµν :: Symmetric.

gµν :: Depends(∂,∇).

gµν :: Depends(∂,∇).

δµν :: KroneckerDelta.

In the first line we are defining the indices that we (and CADABRA) will use.

The second and third lines define the partial and covariant derivative. So far

CADABRA only knows that the partial is a derivative that commutes but the

nabla is just a derivative. Then we teach cadabra about the metric and its

inverse. They are symmetric objects and they are not constant. Finally, in the

last line we define the Kronecker delta. If you are new in CADABRA, be careful

with the capital letters and the dots in the end of every line.
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Setting the connection Our most important object for constructing curva-

tures is the connection. So, in order to construct it in CADABRA we write:

LC :=
1

2
gρσ(∂µgνσ + ∂νgµσ − ∂σgµν) :

@distribute!(LC);

In the first line we are defining the object ”LC”, which has indices ρ
µν . This

is importan to remember, because CADABRA associate every object with its

literal index configuration. So the free indices need to match when we make sub-

stitutions. We will return to this later. Here we have two lines, but CADABRA

only will give us the last result, since it prints only the lines with ; As the reader

might notice, the commands are given by the symbol @. Every command can

be used several times by including the !! in the end. If we want to use it just

once, we use !.

Constructing the Riemann tensor For constructing the Riemann we write:

Riem := ∂µΓ
ρ
νσ − ∂νΓ

ρ
µσ + Γρ

µλΓ
λ
νσ − Γρ

νλΓ
λ
µσ; (A.1)

so CADABRA already knows that ”Riem” is our Riemann tensor. The index

configuration for this tensor, in this example, is ρ
σµν . We would like to substitute

the connection by ”LC”. Also we would like to distribute and use the Leibniz

rule. Therefore we write:

@substitute!(Riem)(Γρ
µν− > @(LC)) :

@distribute!!(%) :

@prodrule!!(%) :

@sumflatten!!(%);

In order to avoid writing (Riem) every time, we can just simply write (%), which

takes the last input in the memory of CADABRA. The last command, @sum-

flatten, eliminates parenthesis. So far, the last series of lines should produce a

Riemann tensor in terms of the metric. However, we still have some derivatives

acting on the inverse metric. Therefore we can use:

@substitute!!(%)(∂µg
λν− > −gνρ∂µgρσg

σλ);
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and at this moment we have a Riemann tensor just with derivatives acting on

metrics. However, several terms can still reagroup by renaming indices and

ordering properly. This can be automatically done by CADABRA using the

following series of commands:

@prodsort!!(%) :

@canonicalise!!(%) :

@rename dummies!(%) :

@collect terms!!(%);

Let’s analyze the previous commands. The first one establish a convention

for the ordering of every term, while the second one eliminates all the trivial

products of symmetric times antisymmetric objects. Finally @rename dummies!

renames indices (important, always use !) and finally the last command collects

everything. If you follow these instructions, you should have the following

Riemann tensor,

Rρ
σµν = −1

4
∂µgγλ∂νgσαg

ργgλα − 1

4
∂µgγλ∂σgναg

ργgλα +
1

2
∂µσgνγg

ργ

+
1

4
∂µgγλ∂αgνσg

ργgλα − 1

2
∂µγgνσg

ργ +
1

4
∂µgσγ∂νgλαg

ρλgγα

+
1

4
∂νgγλ∂σgµαg

ργgλα − 1

2
∂νσgµγg

ργ − 1

4
∂νgγλ∂αgµσg

ργgλα

+
1

2
∂νγgµσg

ργ +
1

4
∂νgσγ∂λgµαg

ραgγλ +
1

4
∂σgνγ∂λgµαg

ραgγλ

−1

4
∂γgµλ∂αgνσg

ρλgγα − 1

4
∂νgσγ∂λgµαg

ρλgγα − 1

4
∂σgνγ∂λgµαg

ρλgγα

+
1

4
∂γgµλ∂αgνσg

ργgλα − 1

4
∂µgσγ∂λgναg

ραgγλ − 1

4
∂σgµγ∂λgναg

ραgγλ

+
1

4
∂γgµσ∂λgναg

ραgγλ +
1

4
∂µgσγ∂λgναg

ρλgγα +
1

4
∂σgµγ∂λgναg

ρλgγα

−1

4
∂γgµσ∂λgναg

ρλgγα .

105



Ricci tensor Now we will construct the Ricci tensor and the Ricci scalar. We

write:

Ricc := δµρ@(Riem) :

@distribute!!(%) :

@eliminate kr!!(%) :

@prodsort!!(%) :

@canonicalise!!(%) :

@rename dummies!(%) :

@collect terms!!(%);

The only new command was the @eliminate kr which allow us to remove the

delta. The result from the previous lines is,

Rσν = −1

2
∂νgσµ∂ρgγλg

µγgρλ − 1

2
∂σgνµ∂ρgγλg

µγgρλ +
1

2
∂σµgνρg

µρ

+
1

2
∂µgνσ∂ρgγλg

µγgρλ − 1

2
∂µρgνσg

µρ + 1/4∂νgµρ∂σgγλg
µγgρλ

−1

2
∂νσgµρg

µρ +
1

2
∂νµgσρg

µρ + 1/4∂νgσµ∂ρgγλg
µρgγλ

+1/4∂σgνµ∂ρgγλg
µρgγλ − 1/4∂µgνσ∂ρgγλg

µρgγλ − 1

2
∂µgνρ∂γgσλg

µλgργ

+
1

2
∂µgνρ∂γgσλg

µγgρλ

At this point we can return to the index discussion. The object @(Ricc) has

free indices σν since we use δµρ on @(Riem), which was constructed with the

configuration ρ
σµν .

Ricci scalar Finally, for computing the Ricci scalar we write:

R := @(Ricc)gνσ :

@distribute!!(%) :

@prodsort!!(%) :

@canonicalise!!(%) :

@rename dummies!(%) :

@collect terms!!(%);
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After the execution of the last lines, we obtain,

R = −∂µgνρ∂σgγλg
µνgργgσλ + ∂µνgρσg

µρgνσ + ∂µgνρ∂σgγλg
µνgρσgγλ

−∂µνgρσg
µνgρσ +

3

4
∂µgνρ∂σgγλg

µσgνγgρλ − 1/4∂µgνρ∂σgγλg
µσgνρgγλ

−1

2
∂µgνρ∂σgγλg

µγgνσgρλ.

A.1 Exercices:

1. Prove explicitly that the Riemann tensor transforms as a tensor (1,3), the

Ricci transforms as a tensor (0,2), and that R is a scalar.

2. Find Rρ
σµνR

α
βγδgραg

σβgµγgνδ, RµνRαβg
µαgνβ and R2.

3. Show explicitly that the quantities found in the previous exercise are scalars.

4. Prove that ∇µGµν = 0 (conservation of the vacuum Einstein’s equations).

B Gravitational Perturbations in CADABRA

We will start with the following definitions in our code:
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µ, ν, ρ, σ, γ, λ, α, β, ϵ, µ# :: Indices(spacetime, position = independent).

∂# :: PartialDerivative.

∇# :: Derivative.

hµν :: Symmetric.

hµν :: Symmetric.

ηµν :: Symmetric.

ηµν :: Symmetric.

hµν :: Depends(∂,∇).

hµν :: Depends(∂,∇).

φ :: Depends(∂,∇).

h :: Depends(∂,∇).

δµν :: KroneckerDelta.

(B.1)

Now we define our connection,

LC := 1/2gρσ(∂µgνσ + ∂νgµσ − ∂σgµν);

@substitute!!(LC)(gµν− > ηµν + khµν ,

gµν− > ηµν − khµν + kkhµρhνσηρσ − kkkhµρhαβhνσηραηβσ) :

@distribute!!(LC) :

@prodrule!!(%) : @unwrap!!(%) :

@prodsort!!(%) : @canonicalise!!(%) :

@rename dummies!(%); (B.2)
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Next we construct the Riemann tensor,

Riem := ∂µΓ
ρ
νσ − ∂νΓ

ρ
µσ + Γρ

µλΓ
λ
νσ − Γρ

νλΓ
λ
µσ :

@substitute!(Riem)(Γρ
µν− > @(LC)) :

@distribute!!(%) : @prodrule!!(@sumflatten!!(%) :

@substitute!!(%)(∂µh
λν− > ηνρ∂µhρση

σλ) :

@substitute!!(%)(ηµνη
νρ− > δρµ, ηνµη

νρ− > δρµ, ηµνη
ρν− > δρµ, ηνµη

ρν− > δρµ) :

@eliminatekr!!(%) :

@substitute!!(%)(kkkkk− > 0) :

@prodsort!!(%) : @canonicalise!!(%) :

@rename dummies!(%) : @collect terms!!(%); (B.3)

Next we construct the Ricci tensor,

Ricc := δµρ@(Riem) :

@distribute!!(%) :

@eliminate kr!!(%) :

@prodsort!!(%) : @canonicalise!!(%) :

@rename dummies!(%) : @collect terms!!(%); (B.4)
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and finally we obtain the Ricci scalar,

R := @(Ricc)gνσ :

@substitute!!(R)(gµν− > ηµν − khµν + kkhµρhνσηρσ − kkkhµρhαβhνσηραηβσ) :

@distribute!!(%) :

@substitute!!(%)(kkkkk− > 0) :

@substitute!!(%)(∂µνhρση
ρσ− > ∂µνh, ∂µνhρση

σρ− > ∂µνh,

∂µνhσρη
ρσ− > ∂µνh, ∂µνhσρη

σρ− > ∂µνh) :

@substitute!!(%)(∂µhρση
ρσ− > ∂µh, ∂µhρση

σρ− > ∂µh,

∂µhσρη
ρσ− > ∂µh, ∂µhσρη

σρ− > ∂µh) :

@prodsort!!(%) : @canonicalise!!(%) :

@rename dummies!(%) : @collect terms!!(%); (B.5)

B.1 Exercices

1. Find the Einstein-Hilbert Lagrangian up to cubic order in fields and prove

that the Lagrangian is diffeos invariant under linearized plus quadratic trans-

formations.

2. Find the Weyl gravity Lagrangian up to quadratic order without imposing

any gauge fixing condition. Compare your quadratic expression with the one

provided in the equation (2.77).

C Kerr-Schild Ansatz in CADABRA

In this section we will give a quick guide in how to start imposing the Kerr-Schild

ansatz in gravity. First we start with the definition of our objects:
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µ, ν, ρ, σ, γ, λ, α, β, ϵ, µ# :: Indices(spacetime, position = independent).

∂# :: PartialDerivative.

∇# :: Derivative.

gµν :: Symmetric.

gµν :: Symmetric.

g0µν :: Symmetric.

g0µν :: Symmetric.

gµν :: Depends(∂,∇).

gµν :: Depends(∂,∇).

g0µν :: Depends(∂,∇).

g0µν :: Depends(∂,∇).

φ :: Depends(∂,∇).

lµ :: Depends(∂,∇).

δµν :: KroneckerDelta. (C.1)

We start writing the connection in terms of the linear and quadratic shift. It is

better to directly write it in covariant form,

LCshift := 1/2kg0αν∇µ{φlαlρ}+ 1/2kg0αµ∇ν{φlαlρ}

−1/2kg0ρσg0αµg0βν∇σ{φlαlβ}+ 1/2kkg0αµg0βνφl
ρlσ∇σ{φlαlβ}) :

@prodrule!!(%) :

@distribute!!(%) :

@substitute!!(%)(lµ∇µl
ν− > 0) :

@prodsort!!(%) : @canonicalise!!(%) :

@rename dummies!(%); (C.2)
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In the previous lines we have implemented the geodesic condition. Now we

move to the construction of the Riemann tensor,

Riemshift := ∇µT
ρ
νσ −∇νT

ρ
µσ + T ρ

µαT
α
νσ − T ρ

ναT
α
µσ :

@substitute!(Riemshift)(T ρ
µν− > @(LCshift)) :

@distribute!!(%) : @prodrule!!(%) : @unwrap!!(%) :

@sumflatten!!(%) :

@substitute!!(%)(∇µg0
λν− > 0) :

@substitute!!(%)(g0µνg0
νρ− > δρµ, g0νµg0

νρ− > δρµ,

g0µνg0
ρν− > δρµ, g0νµg0

ρν− > δρµ) : @eliminate kr!!(%) :

@substitute!!(%)(lµlνg0µν− > 0) :

@substitute!!(%)(∇µg0νρ− > 0) :

@substitute!!(%)(∇σl
µg0µρl

ρ− > 0,∇σl
µg0ρµl

ρ− > 0) :

@substitute!!(%)(lµ∇µl
ν− > 0) :

@prodsort!!(%) : @canonicalise!!(%) :

@rename dummies!(%) : @collect terms!!(%); (C.3)

Following the previous code you should find that the Riemann is quadratic in
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k. Now we move to the Ricci tensor,

Riccshift := δµρ@(Riemshift) :

@distribute!!(%) :

@eliminate kr!!(%) :

@substitute!!(%)(g0µνg0
νρ− > δρµ, g0νµg0

νρ− > δρµ,

g0µνg0
ρν− > δρµ, g0νµg0

ρν− > δρµ) :

@eliminatekr!!(%) :

@substitute!!(%)(lµlνg0µν− > 0) :

@substitute!!(%)(∇σl
µg0µρl

ρ− > 0,∇σl
µg0ρµl

ρ− > 0) :

@substitute!!(%)(∇µ∇ρl
γg0γβl

β− > −∇ρl
γg0γβ∇µl

β,

∇µ∇ρl
γg0βγl

β− > −∇ρl
γg0γβ∇µl

β) :

@substitute!!(%)(∇µ∇ρl
γlρ− > −∇ρl

γ∇µl
ρ) :

@substitute!!(%)(lµ∇µl
ν− > 0) :

@prodsort!!(%) : @canonicalise!!(%) :

@rename dummies!(%) : @collect terms!!(%); (C.4)

Of course, at this step also the Ricci tensor should contain quadratic terms, but
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they are proportional to the linear ones. Finally the Ricci scalar is,

R := @(Riccshift)gνσ :

@substitute!!(R)(gµν− > g0µν − kφlµlν) :

@distribute!!(%) :

@substitute!!(%)(g0µνg0
νρ− > δρµ, g0νµg0

νρ− > δρµ,

g0µνg0
ρν− > δρµ, g0νµg0

ρν− > δρµ) :

@eliminatekr!!(%) :

@substitute!!(%)(lµlνg0µν− > 0) :

@substitute!!(%)(∇σl
µg0µρl

ρ− > 0,∇σl
µg0ρµl

ρ− > 0) :

@substitute!!(%)(∇µ∇ρl
γg0γβl

β− > −∇ρl
γg0γβ∇µl

β,

∇µ∇ρl
γg0βγl

β− > −∇ρl
γg0γβ∇µl

β) :

@substitute!!(%)(∇µ∇ρl
γlρ− > −∇ρl

γ∇µl
ρ) :

@substitute!!(%)(lµ∇µl
ν− > 0) :

@prodsort!!(%) : @canonicalise!!(%) :

@rename dummies!(%) : @collect terms!!(%); (C.5)

C.1 Exercices

1. Prove that the quadratic contributions of the Ricci tensor are proportional

to the linear ones.

2. Test the Weyl gravity EOM under the Kerr-Schild ansatz.
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