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To resolve the challengdparadoxepgattending the genesis of quantum theory, Niels Bohr in 1927
proposed a generalization of the conceptual framework of classical physics, termed
complementarity, which posited pairs of classical concepts that could be manifested only in
mutually exclusive experimental arrangements with both needed to embrace the full range of
physical experience. In this context particle—wave complementarity has encountered two major
obstacles(1) No formulation of it has commanded a general consensus{Zrampirical evidence
abounds that contradicts the claim of mutual exclusivity of particle and wave properties of quantum
objects in a single experiment. These problems are rooted in the unrestricted scope of this claim. It
is shown that a restricted version of particle—wave complementarity, here callbith' value-
interferenc& complementarity, is consistent with observations, is naturally contained in the
mathematical formalism of quantum theory and, in fact, holds in any representation of quantum
theory defined by the eigenvectors of a complete set of commuting observables, such as the
configuration space positiortkinematio variables or the complementary linear momentum
(dynamig variables. Thus, thevhich value-interferenceform of particle—wave complementarity
exists within kinematic—dynamic complementarity, a “layered” complementarity, so to speak. It is
hoped that a consistent and valid exposition of particle—wave complementarity will be helpful to
those who find the framework of complementarity useful and appropriate for some purpose.
© 1998 American Association of Physics Teachers.

I. INTRODUCTION Fols&® has emphasized that Bohr did not promote comple-
mentarity as a principle of physics but as a point of view or
The increasingly persuasive evidence for wave—particleonceptual framework within which the quantum world
duality for matter and radiation and the challenges attendingould be rationally analyzed and understood. Thus it has not
a deterministic space—time description of atomic processegeen easy to find a clear, succinct statement or definition of
prompted Bohf in 1927 to propose the framework of complementarity in Bohr's writings. What probably comes
complementarity and Heisenberg to expound upon the uncefssest to such a definitive statement appears in the Introduc-

tainty (indeterminacy relations. Heisenberg'°has provided 50 19 Bohr's first book of essays on the quantum descrip-
several accounts of his involvement with Bohr in these de'tion of nature. where he writé2:
’S 1 -

velopments and has rather extensively discussed Bohr

work. Bohr's accourlt of these collaborations with Heisen- ... The fundamental postulate of the indivisibility
berg is brief. Several authors, including Jamrfer, of the quantum of action ... forces us to adopt a
Petersert® Rosenfeld* MacKinnoni® Mehral” Miller,8 new mode of description designated asmnple-
and Pai&’ have explored these developments in historical mentaryin the sense that any given application
context. of classical concepts precludes the simultaneous
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use of other classical concepts which in a differ- This statement suggests that Bohr is advocating posftipn
ent connection are equally necessary for the elu- above, i.e., the wave—kinematispace—timgand particle—

cidation of the phenomenon. dynamic(momentum—energycorrelations. In any event, L.

In his celebrated treatise on quantum theory Pauli echogdosenfeld, one of Bohr's most eloquent spokesmen and clos-

with somewhat greater specificity this Bohrian statemen€St collaborators, co-author with him of the Biblical articles
about complementarit§? on measurability and complementarity of electromagnetic

. field quantities, adhered to the correlation statedlin He
If ... the use of a classical concept excludes that qzs din

L wrote:
of another we call both conceptée.g., position )
and momentum co-ordinates of a particle ... Bohr wanted ... to undgrstand the logical na-
complementaryto each other following Bohr. ture of the mutual exclusion of the two agents
We might call modern quantum theory as “The opposed in the wave—particle dualism. From this
Theory of Complementarity’(in analogy with point of view the indeterminacy relations appear
the terminology “Theory of Relativity’). in a new light. The conjugate variables for which

Note that Pauli’s version omits any reference to the need for tr|1ey' hOIdI refer, lrespiectlvely,t to d.the ml:rgua'lljy ex-
both complementary concepts for a complete “elucidation of CIPS'\ée c assm? pltft ure t(':eln re 'g) on ? It e-th
the phenomenon.” This example of canonically conjugate ?'Ze concep sho pﬁr icle and wave, (o the
noncommuting variables as complementary concepts was ormer are attac ed the momentum and energy
frequently used by Bohr, though cast in somewhat more gen- vanables, to the latter the coordinates of space
eral language such as the complementarity of space—time  and time.
description and claims of causafifyor complementarity of In this passage it is not completely clear whether Rosenfeld
space—time coordination and momentum—energyas stating his own or Bohr’s views on the point. He may
conservatiorf? In this paper | shall refer to this example of well be stating the position of both himself and Bohr since
complementarity as kinematic—dynamic complementaritythey very probably agreed on the matter. Schilsencurs
following Murdoch?® This example of complementarity has with the correlation stated by Rosenfeld. Given the context
a close kinship to the quantitatively expressed Heisenbergf his exposition, he apparently means to express Bohr's
uncertainty(indeterminacy relations. view, which, as with Rosenfeld, probably agrees with his
A second example of complementarity in physics emphaown. In a major study of quantum paradoxes, Seflalso
sized by Boht® is the complementarity of the particle picture adopts the view that the wave picture and particle picture
and wave picture of phenomena. The purpose of this paper sorrelate with the kinematic and dynamic variables, respec-
to explore the nature of this wave—particle complementaritytively.
especially its relation to kinematic—dynamic complementar- However, option2) above, namely, the association of the
ity. In Sec. Il, the way in which Bohr and some of his fol- kinematic space—time description with the particle picture
lowers viewed these issues will be reviewed and in Sec. ll{particle trajectories in space—tilnand the momentum—
these issues will be clarified by appeal to the formal structurgnergy variables with the wave pictuféa the de Broglie—
of quantum theory. Some implications of the analysis will begjnstein relationsp=h/\ and E=hv, where\ and v are
drawn in Sec. IV, where limits on the scope of wave—particle,yayelength and frequency, respectively, of the Waakso
complementarity will be explained. has distinguished advocates. A. Pais, who repdttttat he
discussed complementarity with Bohr for “countless hours,”
quoted a statement by Boff:

The very nature of the quantum theory ... forces
us to regard the space—time coordinatiorean-
ing: particle behavigrand the claim of causality
[meaning: wave behavifirthe union of which
characterizes the classical theories, as comple-
mentary but exclusive features of the description

II. REVIEW OF THE WAVE -PARTICLE,
KINEMATIC —DYNAMIC RELATIONSHIP

On the issue of whethdfl) the wave picture is associated
with the kinematic space—time description and the particle
picture with the dynamic momentum—energy description or
(2) vice versai.e., a wave—dynamic, particle—kinematic cor-
relation, or(3) some other relationship, it is natural to exam- e
ine the views of Bohr and his followers, who were the primeThe inserts in brackets were made by Pais as an expression
movers of the complementarity doctrine. Unfortunately, nopresumably of Bohr’s position as well as perhaps his own of
consensus will emerge from this examination. particle—kinematic and wave—dynamic correlation. This cor-

Bohr himself was not very expansive on the issue at handelation, option(2), is also espoused by Bohih, Scully
However, he did writé’ et al.,* and Englert® This claim of Bohr's position is obvi-

- ; L ously at variance with the claims of the previous paragraph.
ps degards loht, s propagaton 1 space 214 *“Ten here ar those who cam that nfne optimo
netic theory. Especially, the interference phe- option (2) stated at the beginning of this section reflects

nomenain vacuo and the optical properties of Bohr’s position. Born reports:
material media are completely governed by the ... | have used the expression “complementar-

28

wave theory superposition principle. Neverthe-
less, the conservation of energy and momentum
during the interaction between radiation and mat-
ter as evident in the photo-electric and Compton
effect, finds its adequate expression just in the
light quantum idea put forward by Einstein.
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ity” to describe the two aspects of rays of light

or matter-particles and waves. But this is not
what Bohr had in mind, as | have learned from
numerous discussions with him. He proposes to
use this expression for two physical situations
produced by experimental arrangements, which
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have the same material object but are intended The diversity of views documented in this section on the

for the determination of different “conjugate” relation among some of the most foundational concepts of
properties restricted by the uncertainty relation. guantum mechanics such as wave—particle dualism, comple-
Such arrangements are mutually exclusive and mentarity, and the indeterminacy relations is an intriguing
complementary in this sense, that they define to- but very troubling aspect of the 70 year old effort to achieve
gether all observable features of the object. The some coherent consensus on these relationships. That such
conceptions “particles” and “waves” have no an unseemly condition exists at the conceptual roots of one
such complementary character, as in many cases of the most stunningly sucqessful theorie_s in physics is un-
both are neededWGH emphasisfor a proper acg:eptable. Fortg_nately, asmple and gtralghtforward remedy
prediction of observationéhe waves giving the exists for reconciling these diverse positions, as Sec. Ill dem-
probabilities of finding particlés One can speak onstrates.

here about the “dual” aspect of matter.

As the last sentence indicates, Born does not mean to dis-

pense with wave—particle duality but to argue that Bohr'slll. WAVE —PARTICLE COMPLEMENTARITY
idea of complementarity is not applicable to these phenomwITHIN KINEMATIC —DYNAMIC

ena. Grmbauni’ concurs that: COMPLEMENTARITY

the terms “wave-like” and “particle-like”

should not be used as surrogates fbona fide A clue to the remedy just mentioned is found in the work

- f Scully et al,* who analyze the complementarity attend-
complementary parameter valughe conjugate o R "
variables of the Heisenberg princifle mg_the deS|gnat|or) of the path taken by a quantum e(l'_nrty
; _ their case an excited Rydberg atpthrough double slits.
Murdoch agrees. After an extended discussion of compleThey show that such a path designation matter how deli-

mentarity, he concludes. cate, which they call “Welcher-Weg” or “which path” in-
I do not believe ... that there is an invariable, formation, is sufficient to destroy the interference pattern that
systematic association of one or other of the two would otherwise occur at the detection screen where the two
models with either position or momentum mea- paths meet. Complem_entarity is manifested in this sit_uation
surement operations: wave—particle complemen- by the appearance of interference phenomevee-like if

there is no specification of which patlslit) the quantum

tarity and kinematic—dynamic complementarit . . . ) . :
are XI/ogicaIIy independe>r/1t notions P y entity traversed; but, if the path is designafedrticle-like,
' the interference disappears.

On further analySiS, MurdOCh comes to doubt that the theSiS Moreover, thiswhich path_interferencecomp|ementarity

of wave_particle complementarity can be sustaitfed. occurs with the double-slit arrangement rigidly in place, de-
Folse;™ as the title suggests, orients his entire book aroundining spatial coordination of the phenomenon in the sense of
the concept of complementarity. He deals extensively witrBohr?¢i.e., within the kinematic mode of description. But in
the issue of the correlation between wave-—particle an@uantum theory, the kinematic—dynamic complementary
kinematic—dynamic complementarityHe does not propose modes of description stand on a similar footing, so that a
to jettison wave—particle complementarity completely butdefinite value-interferencecomplementarity should exist for
does warn th&t the dynamic mode of description, the change in terminology
... we must be careful not to attempt any one-to- from “which path""to ‘.‘definite,yalue.” bei_ng occasioned k_)y
one correlation of one type of pictufevave— the fact that the "which path” designation for space-time
particle] with one or the other descriptive modes kinematic description is not too appropriate for the dynamic
[kinematic—dynamik mode. Henceforth, we shall refer to this form of complemen-
) ) » tarity as definite valueinterference or which value-
Fayé? assigns to Bohr the position taken by Roserffeth  interferencecomplementarity. This form of complementarity
the correlation of the Complement.qutles under d|SCUSS|O@>eemS to have meaning On|y within a representation of guan-
and then argues against Bohr’s position on the ground&thattum mechanics defined by the eigenvectors of a complete set

[in concurrence with Pat§] of commuting physical observables, such as the complemen-
... sometimes the wave picture can be ... corre-  tary kinematic or dynamic variables.
lated with the measurement of momentum and All Of thIS iS Consistent W|th and Contained W|th|n the
energy, while Spatio_tempora| measurement is Stand4§rd fO_I’malism -Of quantum theOI’y, a.S W|” now be set
connected with the particle picture forth.”" In this formalism the state of an object is represented

by a unit vector|¢) in the Hilbert spaceH of the object

and conclude$ with Murdoch system. This vector may be written as a superposition of the

that wave—particle complementarity and eigenvectorq) of a complete set of commuting observables
kinematic—dynamic complementarity are logi- of the object, i.e.,
cally distinct notions.
Writing together, Faye and Folse further asé@rt: lpsy=>, |a)alws), (1)
... the connection between wave—particle dual- a
ism and the complementarity of kinematic and the sum being an integral for any set of the eigenvalues that
dynamic properties remains a problematic issue are continuous. The probability of a particular eigenvailye
both for the analysis of Bohr's philosophy and of some physical quantit of the object system is
generally for the interpretation of quantum me-
chanics. Prob of 0O; :TrHoipS: |<Oi | ¢S> 21 (2)
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labeling system. Thus there should be, in principldeéinite
value-interference complementarity within each of the
complementary  kinematic—dynamic  or  space-time
momentum—energy modes of descriptigham ignoring the
well-known problem that time is not really a conjugate vari-
able), alayeredcomplementarity, so to speak.

Most of the relevant concrete examples involuhich
path-interferencecomplementarity in the kinematic space—
time mode of description such as two-path arrangements like
in which appear cross terms witlp#q’ corresponding to  Young’s double-slit experimerf Scully and co-worker-°
interference characteristic of wave behavior associated withave discussed extensively one such example and have pro-
superposition of amplitudes as in E4). vided references to several others. It would be desirable to

If each|q) state is specifically and distinctively identified, have empirical examples ofvhich value-interference
which can be indicated by labeling eafdy) with a vector —complementarity for the dynamic momentum—energy states,
ILy) in the Hilbert spaceH, of the labeling or identifying but unfortunately this author has not been able to identify

system, i.e., eacly)=|q)®|L,), then any. _ .
Section IV examines some consequences of this layered

complementarity, i.e., ohich value-interferencecomple-
mentarity (a surrogate for particle—wave complementarity

) ) _ within kinematic—dynamic complementarity.
where| ) is an entangled state in the product Hilbert space

[Hg)®|H,) of the object and labeling system. Then, the
probability of the eigenvalue; for the physical quantityDg
of the object system is

wherello; is the projection operatdio;){o;| on the eigen-
state|o;),ps is the density operatofys)( i for the state
| sy, and Tr means the trace of the product operétorps.
The insertion of the expansion E€) for |¢s) into Eq. (2)
leads to

Prob of o;= > (oila)(oila’)*(alus)(a’lue)*, ()
q.9

|‘//s>_>|‘//sL>:% |Q>®|Lq><Q|‘r//s>v (4)

IV. CONSEQUENCES OF LAYERED

Prob of o,=Tr [o;ps, , COMPLEMENTARITY

wherepg = | ‘/’sL><l/’sL|-
The insertion of i, ), Eq.(4), into Eq.(5) and the calcu-
lation of the trace result in

©)

We can see that neither the assignment to Bohr by
Rosenfeld® (and adopted by othé®) of a wave—
kinematic and particle—dynamic complementarity correlation
nor the assignment to Bohr by PHigalso supported by
others®=39 of a particle—kinematidtrajectories in space—
time) and wave—dynamifp=h/\, E=hv] correlation com-
pletely captures the range of possibilities that seem to occur
both in nature and in the quantum formalism. For example,
whereas Rosenfeld allows for wave interference in space—
time and for objects with specified values of momentum and
energy, his position does not embrace objects with which
path characteristics in space—time. While Pais’s position al-
lows for the latter, it does not embrace the fornfamave
i&terference in spage

Layered complementarity is not restricted in these ways.
In the kinematic(space—timge mode of description, waves
can interfere in space—tim@ontra Paig but labeling the

Prob of 0;= 2 (algs){oila)
qq

X<0i|q,>*<q,|¢s>*<|-q||-q’>- (6)
By the requirement that the statés) be distinctively la-
beled,(Lq|Lg)=40, q', and

Prob of 0,= 2 [(oilq)[*(alys)* (7)
and the interference terms have disappeared, characteristic
a situation in which the object systehhas definite values
g, each with probability:|{q|#s)|?, a particle-like picture

complementary to the wave-like interference among the difyy5¢hg destroys interference and provides which path designa-
ferent nonlabeleda) states in Eq(3). . tion (contra Rosenfeld. Momentum and energy are needed
What has been set forth here in theepresentation can be to complete the description.
done equally well in any other representation defined by the Thus as Murdocfi® Folse*! Faye*® and Faye and Folé2
eigenvectors of a complete set of commuting observables, s§que, there is no simple one-to-one correlation of the wave—
that, if the|q) states are associated with the position vari-particle picture with the kinematic—dynamic descriptive
ables in configuration space, a set of results analogous tmodes, but layered complementarity witlefinite value
Egs. (1)—(7) holds, for example, for the conjugate momen- interferencecomplementarity within both kinematic and dy-
tum states|p). However, the terminology particle—wave namic modes seems to do justice to the range of possibilities.
complementarity owhich path-interferencecomplementar- Furthermore, as discussed in Sec. I, rnand
ity for the situation represented by E¢f) and Eq.(3), re-  others’~*stand ready to jettison particle—wave complemen-
spectively, while appropriate for the position space represertarity altogether, partly on grounds that in some situations
tation, should generally be replaced by the terminologyboth are neededor an explanation of what happens. The
“definite  value—interference” or “which value— latter is true but it is possible, perhaps even desirable, to
interference” complementarity, for any basis other than thatetain both this truttand particle—wave complementarity in

defined by the configuration space position variables.
According to this analysis, we see that there idedinite
value-interferenceor which value-interferencecomplemen-

the form of which value-interferencecomplementarity dis-
cussed here. This will now be explained.
There are, in fact, several aspects of the explanation. First,

tarity within any representatiofor basis set of eigenvectors there are several examples of phenomena that disagree with
in quantum theory, within which the basis vectors may bethe general tenet of wave—particle complementarity, i.e., the
distinguished or labeled by vectors in the Hilbert space of thegeneral prohibition of simultaneous wave—particle behavior,
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but that are compatible with the more restrictedhich ~ Again the requirement of wave—particle mutual exclusivity
value-interference complementarity discussed here. Hereis not met here, but no violation efhich value-interference
are some of them: complementarity occurs, since there is no designation of
(1) Nothing in the analysis presented here precludes théwhich value” kinematic quantities to destroy the interfer-
simultaneous kinematic manifestation of a “which path” ence of the emitted and reflected wave that influences the
designation along with some kind of wave behavior othedifetime of the state.
than interference, such as occurs in the experiment described(4) The Planck formula for the spectrum of blackbody
by Ghose et al,*® and carried out by Mizobuchi and radiation contains terms reflecting the presence of both
Ohtake™ In this experiment a beam of light of frequengy ~Waves(frequencyv) and quanta E=hv). This is perhaps
directly shines at normal incidence on one side of a 45mMost clearly demonstrated by Einstein’s expressions for the
prism with an index of refraction sufficiently high that the mean square energy and momentum fluctuation of radiation
light undergoes total internal reflection at the hypotenuse ot frequencyv from a blackbody at temperatufle>* These
the prism. A nonpropagating exponentially decayingve expressions contain two terms, one based explicitly on the
amplitude extends out of the prism at the hypotenuse intavave characteristics of radiation and the other on a classical
space, so that, if the hypotenuse of a second 45° prism i@as of molecules or point-like quanta of energw
brought into close proximity to the first prism, transmission (particle-like),> a result inconsistent with the standard doc-
of light across the gap separating the two prisms will occuitrine but consistent with the more narrowhich value-
with an intensity that depends on the square of the wavéhterferencecomplementarity since neither wave interference
amplitude crossing the gap, which in turn depends on th&or “which value” designation seems relevant in this situa-
ratio of the gap distance and the wavelength of light. Thellon. ) _
light that is not transmitted is reflected. For a weak light Another advantage of the point of view espoused here
beam carrying only one photon, the photon may be transmitﬁbOUt which valu%lnterference complementarity and the
ted or reflected with relative probabilities that depend on the Poth are needed” doctrindi.e., the concomitant appear-
wave amplitude crossing the gap. Detectors placed in th@Nce of both wave and particle properjies Born comes
transmission and reflection paths count the photons in ant/{O™ the realization that substantial interference can occur
coincidence, i.e., a photon transmitted across the gap is ngMoNg states with only a slight departure from d'St'gé:\;“Ve
reflected andice versaconsistent with the concept of “pho- . Which value™ identification, as Wooters and Zurek show.

ton.” Thus this experiment demonstrates simultaneously thé/loreover, the extent of wave and particle properties can be

. pr 7 . . .
transmission and reflection ofveaveat the gap angarticle q“a.““f'e& for this which valueinterference form of
“which path” anticoincidence detection in the transmission P2rticle—wave complementarity analogous to the quantifying
or reflection channel by the Heisenberg indeterminacy relations of kinematic—

The results can be interpreted, as Ghesal*®-5do, as dynamic complementarity, an opportunity that does not exist

contradictory to the orthodox tenet of mutual exclusivity for t.tr:e apparently Imcorrte Ct.t orthodox  claim of general

(complementarity of wave and particle behavigf,but does ~ Pa i€~ Wave complementarty.

not contradict the more narrowhich path-interference

complementarity in the kinematicspace—timg description V. SUMMARY

advocated here, since interference is not a feature of this

experiment. It is clear from the empirical evidence discussed in Sec. IV
(2) Particle-like objects with specific mass, charge, andhat the orthodox position on particle—wave complementarity

energy tunnel through potential barriers asdndecay of that generally prohibits simultaneous wave and particle be-

nuclei or field emission of electrons from metals. In eachhavior in a single experiment is too broad in scdpand _

case the Scfidinger wave function of the particle penetrates Violates a number of observations. It is thus not too surpris-

through the barrier to free space and Born’s docffief g that a diversity of views as to the nature of particle—wave

“The wave giving the probability of finding the particle” Complementarity came to exist. It is further not surprising

provides the quantitative description for particle leakagghat the more restricteavhich value-interferenceform of -

through the barrier. Contrary to orthodoxy, coexisting wavePaticle—wave complementarity agrees with the empirical

and particle behavior seems necessary to comprehend tHf¥idence, since it is rooted in the formal structure of quan-

phenomenon, but there is no inconsistency withich tum theory which has an unparalleled record of success in

value-interferencecomplementarity since interference plays accounting for the behavior of the microworld. Further cred-
no role in this process. ibility would accrue to this more limited concept of particle—

(3) The lifetime of spontaneous photon emission duringwave complementarity if some clear, cogent examples of

transition between energy states of an atom is modified if th%‘/hICh value-interferencecomplementarity could be identi-

atom moves near the face of a wave-reflecting surface. Ad1€d outside thavhich path-interferenceexamples that exist
cording to Sellerf® within the kinematiospace—timgmode of description, such

as examples involving dynamic variables.

... The lifetime phenomenon can be attributed to Finally, since whatever truth about nature embraced by the
stimulation or inhibition of the emissioof the concept of complementarity seems to reside within the for-
light quantum(WGH emphasig the stimulating mal structure of quantum theory, the concept seems dispens-
field being the radiation field of the atom capable able for physics? and many physicists have largely ignored
of emitting the quantum itself ... it appears virtu- it in their work, finding interest in it only as a historical relic
ally impossible to give any rational explanation in guiding Bohr and some of his colleagues in the monumen-
[of the phenomenjan terms of a purely undula- tal achievement of the early development of quantum theory.
tory (or purely corpusculardescription of radia- However, the concept still has currency in some quarters,
tion. including with authors of physics textbooks. Thus it should
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be used and explained correctly. This paper seeks to providéox. Petersen, iMQuantum Physics and the Philosophical TraditigvIT,

a valid elucidation of complementarity for those who fin

some relevance in, and need for, it.
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SCHOLARS AND CHARLETANS

Unfortunately the opinion is already to prevalent that a profound knowledge of any branch of
science is not necessary to a good teacher of that branch but rather detrimental. It is evident that
what ever may be a persons capacity for communicating knowledge he cannot teach more than he
knows. The man of profound acquirement it is true may not possess a happy faculty of imparting
knowledge and he may err in attempting to give too much but it will be found on the other hand
that the sucesful popular teacher in general is little more than a charletan who does not attempt to
give his pupuls precise ideas but substitutes crude and partial hypotheses for the true gengraliza-
tions of science.
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