LABORATORIO 4

TRATAMIENTO DE DATOS

Adriana Mdrquez
amarquez@df.uba.ar

J—‘- 2do. Cuatrimestre 2026



Paolo Fornasini

The Uncertainty
in Physical
Measurements

| An Introduction
to Data Analysis
in the Physics Laboratory

@ Springer

Contents

Preface ... ... .. . VII

Part I Measurements and Uncertainty

1

Physical Quantities ........... ... .. ... ... . .. S
1.1 Methods of Observation and Measurement . ................ S
1.2 Physical Quantities ............ ... ... 5
1.3 Direct and Indirect Measurement . ........................ 6
1.4 Time Dependence of Physical Quantities .................. 8
1.5 Counting of Random Events ............................. 10
1.6 Operative Definition of Physical Quantities ................ 11
1.7 The Experimental Method . .............................. 12
Measurement Units.......... ... ... .. ... .. ... ... .. .... 13
2.1 Base and Derived Quantities . .......... ... ... L 13
2.2 Measurement Standards . ......... .. .. . i 14
2.3 The International System of Units (SI) .................... 15
2.4 Other Systems of Units ....... ... ... ... . ... ... ... 18
2.5 Dimensional Analysis ......... ... .. .. . il 20
Problems ... ... 24
Measuring Instruments . ............. ... . ... oL 27
3.1 Functional Elements ......... ... ... ... .. 27
3.2 Classifications of Instruments ............................ 29
3.3 Static Characteristics of Instruments . .................. ... 31
3.4 Accuracy of an Instrument ........... ... ... o oL 35
3.5 Dynamical Behavior of Instruments....................... 37
3.6 CoUunters .........nni ittt e 43
Uncertainty in Direct Measurements ..................... 45
4.1 Causes of Uncertainty .. .......... ... i, 45
4.2 Measurement Resolution ................................ 46
4.3 Random Fluctuations ........ ... ... ... .. i, 48

4.4 Systematic Errors ......... ..o 61



Contents
4.5 Summary and COmparisons . ..........cceveueevrinneenn. 68
PrOBCIMB - xvsonrs s s T o e s A S R ST G DR A 74

Part II Probability and Statistics

5 Basic Probability Concepts ............................... 79
5.1 Random Phenomena ................. ..., 79
6:2" ‘Sample-Space: Eventa: s i s Vs S0 S SR TS S 81
§5:3: Probability of an Event s s swnims s 82
5.4 Addition and Multiplication of Events. 87
5.5 Probability of the Sum of Events . . ... ... 89
5.6 Probability of the Product of Events ...................... 91
Bi7¢ (Combinatorial Calculis:. ... cummsmineenmmmmmmesassumiems anprs 94
Problems: s s g s s s 96
6 Distributions of Random Variables .......................
6.1 Binomial Distribution.................
6.2 Random Variables and Distribution Laws. .
6.3 Numerical Characteristics of Distributions .
64! Porsson DISEEIDIRION s avosnsmsi st s s R sy
6.5 Northal DIStEIDULION v.cn v ve viovns s e smsnioinms s seimnss s 121
6.6 Meaning of the Normal Distribution .. iy 126
6.7 The Cauchy-Lorentz Distribution ........................ 130
6.8 Multivariate Distributions .............. ... ...l 132
PO D I s T S A S S e 136
7 ‘Statistical TOOI8 :::ivvss s Ea Ty 139
7.1 Parent and Sample Populations ...... 139
7.2 Sample Means and Sample Variances ... 143
7.3 Estimation of Parameters............ wrz 14T
PECDIGING: co5:.c0:0a0r0mvti o040 T4 S0 SRS e RS 152
Part III Data Analysis
8 Uncertainty in Indirect Measurements .................... 155
8.1 Imtroduction to the Problem .............ccovvviiiuneinnn. 155
8.2 Independent Quantities, Linear Functions ................. 156
8.3 Independent Quantities, Nonlinear Functions............... 159
8.4 Nonindependent Quantities ...............ccooviiuiinn.. 163

8.5 Summary
24 (110 ) 111 T: R SO NRE TP SO PO 168

Contents XI

9 Confidence Levels ........... ... ... .. ... ... ... ..

9.1 Probability and Confidence .

9.2 The Student Distribution . .. s

9.3 Applications of the Confidence Level . ..

Problems ........ ... .

10 Correlation of Physical Quantities ........................ 177
10.1 Relations Between Physical Quantities .................... 177
10.2 Linear Correlation Coefficient . ........... .. ... .. ... ... 179
10.3 Linear Relations Between Two Quantities ................. 181
10.4 The Least Squares Method .............................. 186
Problems ....... . ... . 192

11 The Chi Square Test............. ... ..., 193
11.1 Meaning of the Chi Square Test .................. ... 193
11.2 Definition of Chi Square................................. 194
11.3 The Chi Square Distribution ....... ... ... ... ... .oooi.. 198
11.4 Interpretation of the Chi Square.......................... 202
Problems ....... ... 203

Part IV Appendices

A Presentation of Experimental Data ....................... 207
A.1 Significant Digits and Rounding .. ........................ 207
A.2 Tables
A.3 Graphs
A HISEOGIAMS . ...ttt e s 216

B Systems of Units ... ... ... . ... ... . ...

B.1 The International System of Units (SI) .

B.2 Units Not Accepted by the SI.........

B.3 British Units....... ...

B.4 Non-SI Units Currently Used in Physics ................... 225

Bb Gausscegs Units ... 226
C Tables .. ... ...

C.1 Greek Alphabet .......................
C.2 Some Fundamental Constants of Physics

C.3 Integrals of the Standard Normal Distribution.............. 229
C.4 Integrals of the Student Distribution ...................... 233
C.5 Integrals of the Chi Square Distribution ................... 235

C.6 Integrals of the Linear Correlation Coefficient Distribution. .. 237

XII Contents

D Mathematical Complements
D.1 Response of Instruments: Differential Equations .
D.2 Transformed Functions of Distributions ....... .
D.3 Moments of the Binomial Distribution ....................
D.4 Moments of the Uniform Distribution .....................
D.5 Moments of the Poisson Distribution . . B
D.6 Moments of the Normal Distribution . .....................
D.7 Parameters of the Cauchy Distribution ....................
D.8 Theorems on Means and Variances .......................

E Experiments.......... ... ...
E.1 Caliper and Micrometer ................ ...,
E.2 Simple Pendulum: Measurement of Period . .
E.3 Helicoidal Spring: Elastic Constant .......................
E.4 Helicoidal Spring: Oscillations . ................ ...,
E.5 Simple Pendulum: Dependence of Period on Length. .
E.6 Simple Pendulum: Influence of Mass and Amplitude
E.7 Time Response of a Thermometer ........................




GUM (Guide to the Expression of Uncertainty
in Measurement)

Guia para evaluar y expresar la
incertidumbre en las mediciones

. P . . JCGM 100:2008 '
Clentlflcas e [ndustrla/es GUM 1995 with minor corrections

Evaluation of measurement

JCGM (Joint Committee im0 T o
for Guides in Metrology) Gt e e &

Comité conjunto de organizaciones

mundiales vinculadas a la “standarizacion” y

la metrologia que crea y actualiza la GUM y

el Vocabulario internacional de metrologia

( VI M) First edition September 2008

© JCGM 2008

https://www.bipm.org/en/committees/
ic/icem/publications



https://www.bipm.org/en/committees/jc/jcgm/publications

JCGM 100:2008

Contents Page
Preliminary v
Foreword vi
0 Introduction.... viii
1 Scope 1
2 Definitions ...... 2
21 General metrological terms 2
22 The term “uncertainty” ......... 2
23 Terms specific to this Guide 3
3 2L —— 4
31 L L= Lo TT Ty T 1 O 4
3.2 Errors, effects, and corrections 5
3.3 Uncertainty..... 5
3.4 Practical considerations....... 7
4 Evaluating standard uncertainty 8
4.1 Modelling the measurement. 8
4.2 Type A evaluation of standard uncertainty 10
4.3 Type B evaluation of standard uncertainty. 1
44 Graphical illustration of evaluating standard uncertainty 15
5 Determining combined standard uncertainty 18
5.1 Uncorrelated input quantities 18
5.2 Correlated input quantities 21
6 Determining expanded uncertainty 23
6.1 Introduction.... 23
6.2 Expanded uncertainty 23
6.3 Choosing a coverage factor. 24
7 Reporting uncertainty 24
741 General guidance ...... 24
7.2 Specific guidance...... 25
8 Summary of procedure for evaluating and expressing uncertainty ..........cccocoevecrinnininssscinncnnas 27
Annex A Recommendations of Working Group and CIPM .... 28
A1 Recommendation INC-1 (1980) 28
A2 Recommendation 1 (CI-1981) 29
A3 Recommendation 1 (CI-1986) 29
Annex B General metrological terms 3
B.1 Source of definitions. 31
B.2 Definitions ...... 31
Annex C Basic statistical terms and concept: 39
(o Source of definition: 39
Cc.2 Definitions....... 39
C.3 Elaboration of terms and concepts 45
Annex D “True” value, error, and uncertainty 49
DA The measurand 49
D.2 The realized quantity. 49
D.3 The “true” value and the corrected value........ 49
D4 Error 50

© JCGM 2008 - All rights reserved

JCGM 100:2008

D.5 Uncertainty 51
D.6 Graphical repr ion 51
Annex E Motivation and basis for Recommendation INC-1 (1980) 54
EA “Safe”, “random”, and “systematic” 54
E.2 Justification for realistic uncertainty evaluations.........cms s ———— 54
E.3 Justification for treating all uncertainty components identically 55
E.4 Standard deviations as measures of uncertainty 58
E.5 A comparison of two views of uncertainty 59
Annex F Practical guidance on evaluating uncertainty components 61
F.1 Components evaluated from repeated observations: Type A evaluation of standard

uncertainty 61
F.2 Components evaluated by other Type B I of standard uncertainty................. 64
Annex G Degrees of freedom and levels of confidence 70
GA Introduction 70
G.2 Central Limit Theorem 71
G.3  The /distribution and degrees of freedom 72
G4 Effective degrees of freedom 73
G.5  Other iderati 75
G.6 Summary and I 76
Annex H Example: 79
H.A1 End-gauge calibration........... 79
H.2 Simultaneous resistance and reactance meast 85
H.3 Calibration of a thermometer. 89
H.4 Measurement of activity 93
H.5 Analysis of variance 98
H.6 Measurements on a reference scale: hard 104
Annex J Glossary of principal symbols 109
Bibliography 114
Alphabetical index.... 116

@ JCGM 2008 - All rights reserved



Un poco de historia...

* 1977

* 1980

* 1993
* 2017

Comité International des Poids et Mesures (CIPM),
solicita al Bureau International des Poids et Mesures
(BIPM) elaborr un concenso internacional sobre como
expresar las incertidumbres en las mediciones

11 laboratorios internacionales de Patrones (Standards)
elaboran Recommendation INC-1, Expression of
Experimental Uncertainties

Se crea el JCGM (Joint Committee for Guides in Metrology)

Se compilan los documentos bajo la denominacion de
GUM (Guide to the Expression of Uncertainty in Measurement)



JCGM GUM-1:2023 9

Annex A Overview of the parts of the GUM

JCGM GUM-1:2023

Table A.1: Overview of the parts (published and planned) of the Guide to the expression of uncer-
tainty in measurement

GUM part Old reference Title

JCGM GUM-1*  JCGM 104 Guide to the expression of uncertainty in measurement —
Part 1: Introduction

" JCGM GUM-2° Guide to the expression of uncertainty in measurement —
Guide to the expression of Part 2: Concepts
uncertainty in measurement JCGM GUM-3¢  JCGM 100 Guide to the expression of uncertainty in measurement —
— Part 1: Introduction Part 3: GUM:1995 with minor corrections

JCGM GUM-4¢  JCGM 106 Guide to the expression of uncertainty in measurement —
Part 4: The role of measurement uncertainty in confor-
Guide pour I'expression de I'incertitude de mity assessment
imestire S Partie 1 introdliction JCGM GUM-5°  JCGM 110" Guide to the expression of uncertainty in measurement —
Part 5: Examples
JCGM GUM-6¢  JCGM 103" Guide to the expression of uncertainty in measurement —
Part 6: Developing and using measurement models
JCGM GUM-7°  JCGM 101 Guide to the expression of uncertainty in measurement —
Part 7: Propagation of distributions using a Monte Carlo
method
JCGM GUM-8% JCGM 102 Guide to the expression of uncertainty in measurement —
Part 8: Extension to any number of output quantities
JCGM GUM-9° Guide to the expression of uncertainty in measurement —
Part 9: Statistical models and data analysis for interlabo-
ratory studies

JCGM GUM-10P Guide to the expression of uncertainty in measurement —
Part 10: Applications of the least squares method
JCGM GUM-11° Guide to the expression of uncertainty in measurement —

First edition 2023 Part 11: Bayesian methods

» Ofrece un racional para evaluar, expresary eamon Part 12: Basic methods fo uneeraing propagation
Utilizar Ia incertidumbre de Ia mediCién, 2 JCGM 104:2009 was replaced by this ¢ Available as JCGM GUM-6:2020 [11]

document f Available as JCGM 101:2008 [8]
b planned 8 Available as JCGM 102:2011 [9]

» Proporciona una base para la comparacion Rl s JCO 1002008 (7) e f e commit
internacional de los resultados de las mediciones

» Para su aplicacion en la ciencia, el comercio, la
salud, la sequridad y otras actividades sociales.




Presentaciones

Fecha |[Tema Material de referencia Grupo

2/9 Cantidades fisicas — éQué es medir? | Cap. 1

9/9 Unidades de medida Cap. 2

16/9 Instrumentos de medicidn Cap. 3

23/9 Incertidumbre en mediciones directas | Cap. 4 - JCGM 100:2008 Parte 4 | G1

/ICGM GUM 1-2023

7/10 Incertidumbre en mediciones Cap. 8 - JCGM 100:2008 Parte 5 | G2
indirectas /JCGM GUM 1-2023

14/10 | Nivel de confianza Cap. 9 - JCGM 100:2008 Parte 6 | G3

y 7 /JCGM GUM 1-2023

14/10 | Correlacion de cantidades fisicas- Cap. 10 G4
Método Maxima Verosimilitud —
Cuadrados minimos

14/10 | Cuadrados minimos con link1, link2, link3 [hasta 2:40] | G5
incertidumbre en ambas variables
Ajuste por regresion de distancia
ortogonal (ODR) -OLS

14/10 | Coeficiente de correlacidony Link1, Link2, Link3, link 4, G6
coeficiente de determinacién. Bandas | link 5
de confianza y bandas de prediccion

14/10 | Test de Chi Cuadrado Cap. 11 G7

14/10 | Tratamiento de sefiales: filtrosenel | linkl, link2, savitzky1964 G8

espacio directo: media movil y
filtrado de Savitzky-Golay

Bibliografia: https://nube.df.uba.ar/index.php/s/cLtYzrLZNQtKWtn

Lectura individual
conceptos de
estadistica Cap. 5 a
Cap. 7



https://nvlpubs.nist.gov/nistpubs/Legacy/IR/nistir89-4197.pdf
https://wormlabcaltech.github.io/mprsq/stats_tutorial/ODR.html
https://www.youtube.com/watch?v=ajgAGF-rmtE
https://en.wikipedia.org/wiki/Pearson_correlation_coefficient
https://en.wikipedia.org/wiki/Coefficient_of_determination
https://en.wikipedia.org/wiki/Confidence_and_prediction_bands
https://www.geeksforgeeks.org/data-analysis/confidence-and-prediction-intervals-with-statsmodels/
https://www.dm.uba.ar/materias/estadistica_Q/2010/2/C014%20Regresion%20Lineal%20Simple%20.pdf
https://en.wikipedia.org/wiki/Moving_average
https://en.wikipedia.org/wiki/Savitzky%E2%80%93Golay_filter
https://nube.df.uba.ar/index.php/s/cLtYzrLZNQtKWtn

